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Abstract— An experimental study was carried out on a
piezoelectric actuator in order to explore the benefits of a
mathematical formula [1], that describes the output of the
inverse compensation when an inverse Prandtl-Ishlinskii hys-
teresis model is applied as a feedforward compensator. The
inverse Prandtl-Ishlinskii was first formulated and applied
for compensation of hysteresis nonlinearities of a piezoelectric
actuator. The theoretical formula was afterwards employed
to construct an H∞ feedback control. The controller was
calculated and applied to the piezoelectric actuator with the
inverse feedforward model. The experimental results verify
the effectiveness of the controller and the benefits that the
theoretical formula of the inverse compensation can contribute.

I. INTRODUCTION

In order to enhance the tracking performance of systems

with hysteresis, considerable efforts have been made towards

the design of control methods for compensation of the hys-

teresis effects [1]-[4]. Compensation hysteresis nonlinearities

of smart material based actuators has been widely performed

using Prandtl-Ishlinskii model due its suitability for real-time

system applications [2]. The reported studies on hysteresis

compensation using the inverse of Prandtl-Ishlinskii model

however exhibit notable compensation errors. The hysteresis

characterization errors can be considered as one of the

main sources of the compensation errors when the inverse

Prandtl-Ishlinskii model is employed to serve as a feedfor-

ward compensator [1]. Several micro-and nano-positioning

systems employ the smart material-based actuators with

a plant (dynamic system) in closed-loop control systems

that consist of an inverse hysteresis model and a feedback

control method to reduce the tracking errors between the

reference input and the output of the plant. The output of

the inverse compensation, which represents the output of the

smart-material based actuator in the presence of the inverse

hysteresis model, is considered as an input signal to the plant.

Since measuring this signal is a challenging task, deriving a

mathematical formula is essential to characterize the output

of the inverse compensation.

In this paper, the output of the inverse compensation is

characterized and employed in conjunction with an H∞
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controller to enhance the tracking performance of smart

micro-and nano-positioning actuators. Consider Fig. 1 where

the actuator system is typified by hysteresis that can be

described using Prandtl-Ishlinskii model and a compensator

that represents another Prandtl-Ishlinskii model implemented

for cancellation the hysteresis of the model. y is called

output of the inverse compensation (output of the system with

feedforward controller), u is the command (driving) input

and v is the reference input of the feedforward scheme (input

of the compensator). In general, the actuator is integrated in

a more complex plant with lower dynamics where the plant

output x is measurable and the actuator output y is non-

measurable.

This paper represents a theoretical formulation for the

non-measured output y versus the input v when the Prandtl-

Ishlinskii hysteresis model is not exact or incorporates uncer-

tainty. Such formula can be used in a structural analysis (sta-

bility), performance analysis, or in synthesizing a feedback

controller such that the overall feedforward-feedback control

scheme ensures some stability/performance in presence of

the model uncertainty.
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Fig. 1. Block diagram of a feedforward controlled system with hysteresis.

The derivation of the formula y (v(t), t), of the compensated

output y versus the input v when the Prandtl-Ishlinskii

hysteresis model is not exact has been described in [1].

This formula is employed in this paper to construct an H∞

feedback controller for a piezoelectric actuator.

II. BACKGROUND

In this section the theoretical results obtained in [1] are

revisited.

A. The output of the inverse compensation

For a given input v(t) ∈ C[0, T ], the output of the inverse

compensation when the estimated inverse P̂−1 is employed

as a feedforward compensator for compensation of hysteresis

nonlinearities defined by the Prandtl-Ishlinskii model P can

be described as

P ◦ P̂−1[v](t) = p0ηv(t) +

∫ R

0

pη(r)Fr[v](t)dr, (1)

where Fr[v](t) is the output of the play operator, p0η is a

positive constant, and pη(r) is the density function.



B. Boundedness

The first term in (1) describes a linear reversible term,

while the second is assumed to be bounded. Analytically

P ◦ P̂−1[v](t) = ρv(t) + Ω(t), (2)

where ρ is a positive constant ρ = p0η+
∫ R

0
pη(r)dr, Ω(t) is

a nonlinear term bounded by a positive constant, |Ω(t)| ≤ ξ,

where [1]

ξ ≤ |

∫ R

0

rpη(r)dr|. (3)

III. EXPERIMENTAL CASE: APPLICATION TO A

PIEZOELECTRIC ACTUATOR (PEA)

A. Presentation of the setup

A piezoelectric actuator of a cantilevered structure (piezo-

cantilevered) has been acquired for the experimental study.

The high resolution, high bandwidth and the high stiffness

make these actuator well-suited for micromanipulation and

microassembly of small objects [8], actuation in micromirror

orientation and miniaturized bio-inspired robots [9] [11],

scanning in atomic force microscopy (AFM) [10].
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Fig. 2. (a) a piezoelectric cantilevered actuator, and (b) schematic
representation of the setup.

In this paper, a PEA is constructed with several layers

(multilayer), that allows obtaining a high range of bending

at low voltages. When an input voltage u(t) is applied to

all the layers, a bending y(t) is contributed at the tip of the

actuator (Fig. 2-a). The experimental setup is presented in

Fig. 2-b and includes:

• a multilayered piezoelectric cantilevered actuator (with

36 layers) of dimensions (active length × width ×
thickness) of: 15mm× 2mm× 2mm,

• an optical displacement sensor has been acquired for

measurement of actuator displacement. The sensor

(LC2420 from KEYENCE) has a 10nm resolution,

100nm precision and more than 1kHz bandwidth,

• a computer with MATLAB-SIMULINK software to syn-

thesis input signals and to formulate the (feedforward

and feedback) controllers,

• and a dSpace board that serves as DAC/ADC converter

between the computer and the other parts of the exper-

imental setup.

B. Characterization

A sinusoidal input voltage u was applied to the PEA

at sufficient excitation frequency (f = 0.1Hz) that avoids

both the phase-lag and creep effects [2]. Fig. 3 pictures

experimental results attained at amplitude of 5V and 10V
which is the maximal operating range of the actuator. The

hysteresis amplitude of the PEA was found as 16.3% (=
hhyst

Hhyst
≈ 14µm

86µm ).
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Fig. 3. Hysteresis obtained from the PEA under a sinusoidal driving voltage
u(t) = 10 sin (2π0.1t).

C. Modeling and parameters identification of the hysteresis

and dynamics of the actuator

The measured major hysteresis loop (obtained at 10V
amplitude) was considered with its own initial loading curve

for identification of the model parameters. 15 play operators

were employed in the identification procedure which is

described in details in [2]. The identified thresholds and

weights of the model were found as














ri = {0.095, 0.38, 0.84, 1.46, 2.21, 3.07, 4.01
4.98, 5.96, 6.89, 7.76, 8.52, 9.14, 9.61, 9.9}
pi = {2.55, 0.57, 1.3,−1.57, 1.25,−0.054,−0.032, 0.66
0.16,−0.77, 2.02,−1.63,−0.15, 2.99,−1.09}

(4)

The hysteresis curve of the model using the parameters (4)

was obtained and compared to the measured response of

the actuator in the presence of the initial loading curve in

Fig. 4. The comparison revealed a good agreement between

the model response and measured data. The dynamics of the

actuator was afterwards identified by applying a step input

u = 10V to the PEA. The step response of the actuator is

pictured in Fig. 5 (solid line), which shows an oscillation

at nearly 400Hz frequency. The ARMAX (Auto Regressive

Moving Average with external inputs) parametric identifica-

tion technique [12] was considered to identify the dynamics

of the actuator D(s) which was normalized afterwards to

obtain D(s = 0) = 1 and found as



D(s) =
−20.7(s−1.22×105)(s+2.99×104)(s−2.776×104)

(s2+925s+4.59×105)(s2+55s+1.4×107)

(s−1.07×104)(s+1430)(s2+4.3×104s+3.2×109)
(s2+1.54×104s+4×109)(s2+964s+3.95×109) .

(5)
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Fig. 4. Hysteresis of the PEA at 0.1Hz: comparison of the experimental
result with the model simulation.

A comparison between the step response of the actuator

and the identified dynamics is displayed in Fig. 5, as the

figure illustrates the function D(s) can describe the dynamics

of the actuator.

D. Hysteresis compensation using the inverse Prandtl-

Ishlinskii model

The compensation of the hysteresis nonlinearities of the

actuator was carried out using the inverse Prandtl-Ishlinskii

model. The scheme of the compensation is presented in

Fig. 6 where v is the input, u is the driving voltage and

y is the output displacement which is also called the output

of the inverse compensation. In this figure, the measured

hysteresis of PEA actuator (Fig. 3) is denoted as P , was

characterized using the Prandtl-Ishlinskii model P̂ which is

an approximation of the measured data. The parameters of

the model (4) were employed to formulate the compensator

P̂−1 which is also a Prandtl-Ishlinskii model, that has the

following thresholds and weights:














zi = {0, 0.72, 2.16, 4.89, 7.04, 10.58, 14.36, 18.26, 22.81
27.34, 30.85, 35.46, 38.24, 40.24, 42.35}
gi = {0.39,−0.072,−0.094, 0.12,−0.11, 0.0033, 0.002
−0.035,−0.007, 0.04,−0.082, 0.06, 0.008,−0.095, 0.024}

(6)

The compensator P̂−1 was synthesized in the MAT-

LAB/Simulink environment and applied via dSpace Con-

trolDesk software to the PEA following to obtain the identity

y = v as the scheme in Fig. 6 illustrates. The output of the

PEA with the inverse compensator is displayed in Fig. 7

which shows the experimental result of the output of the

inverse compensation y = P ◦ P̂−1[v] versus the input v.

The results demonstrate that the hysteresis cannot vanish

when the inverse Prandtl-Ishlinskii model P̂−1 is applied

as a feedforward compensator. The remaining error after

compensation can be expressed as ǫ = v−P◦P̂−1[v], which

is attributed to the fact that the identified model P̂[u] is an

approximation of the real hysteresis P . The error, as Fig. 7

illustrates, has an amplitude of 3.75% (=
hhyst

Hhyst
≈ 3µm

80µm ).

This error as described in (2) has a linear reversible term and

a nonlinear bounded term, this observations will be employed

to design a feedback controller for the compensated output

of the PEA.
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Fig. 5. Step response of the PEA with u = 10V : comparison of the
experimental result with the model simulation.
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Fig. 6. Compensation of hysteresis using the cascade arrangement of the

model P̂ and its inverse P̂−1.

E. H∞ control of the piezoelectric actuator with inverse

compensation

Synthesizing a feedback controller for the inverse compen-

sated PEA pictured in Fig. 7 is presented in this section. The

identified normalized dynamics D(s) in (5) was incorporated

for designing the controller. The system to be controlled has

therefore the input v[µm] and the output x[µm] as illustrated

in Fig. 8-a.

1) Model for the feedback control synthesis: As described

in (1), the inverse compensation PoP̂−1[v] can be expressed

by a linear operator ρ followed by a bounded nonlinear term

Ω, that is:

y(t) = PoP̂−1[v(t)] = ρv(t) + Ω[v(t), t]
⇔

y(s) = PoP̂−1[v(s)] = ρv(s) + Ω[v(s), s].

(7)

Including the dynamics D(s) in (7) yields

x(s) = D(s)y(s) = D(s)PoP̂−1[v(s)]
= D(s) (ρv(s) + Ω[v(s), s])
⇔
x = ρD(s)v +Ωx,

(8)

where Ωx = D(s)Ω is the output disturbance. Accordingly,

the equivalent block diagram with the simplified notation

G(s) = ρD(s) that represents the linear system to be

controlled is illustrated in Fig. 8-b . Our aim is to find

a (linear) controller C(s) that permits the system G(s) to

track the reference and desired input xd, and rejects the



external disturbance Ωx (see Fig. 9-a). The tracking error

in the figure e can be expressed as e = xd−x. The standard

H∞ technique is considered an efficient way to achieve the

tracking specifications and the disturbance rejection during

the controller synthesis.
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Fig. 7. Experimental result of the output inverse compensation.
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Fig. 8. The system to be controlled by a feedback controller.

Notice that the static gain ρ was identified as the identity

mapping of (v, y) relationship in Fig. 6 which results ρ =
40µm
40µm = 1. From the same figure, the term Ω can be

also characterized. In fact, this term contributes the residual

hysteresis to the ρv term. An appropriate characteristic of

Ω could be observed when
hhyst

Hhyst
is maximal. This worst

case was explored at the maximum operating range which

was found less than 3µm as Fig. 7 illustrates. Consequently,

for y = 1v + Ω, the bound |Ω| < 3µm will be considered

as the worst case characteristic. Since the dynamics D(s)
is normalized, the output disturbance Ωx = D(s)Ω has a

bound of 3µm× (1+ δD), where δD is the overshoot which

can be calculated from Fig. 5 as δD = 9.5%. Accordingly,

Ωmax
x = 3.285µm will be considered in the controller

synthesis as the worst case of Ωx . Ωmax
x = 3.285µm .

2) Specifications: The specifications employed to calcu-

late the H∞ controller C(s) are as the following.

a) Tracking performance:

• the initial overshoot of 9.5% should be completely

damped for the closed-loop,

• the statical tracking error should be less or equal to

0.1%,

• and the settling time should be less or equal to 3ms.

b) Disturbance rejection: The disturbance effect Ωmax
x

have to be negligible at the output. An Ωmax
x = 3.285µm

was selected which yields a maximal error of emax =
100nm.

c) Command moderation: The driving voltage u of the

PEA is limited to ±10V , which contributes approximately

an input v of ±42µm. Applying input signals beyond these

values may destroy the actuator. In order to ensure that such

overvoltage is avoided, a command moderation specification

was also considered in controller synthesis. Thus, a reference

input xd within the ±40µm operating range should generate

a maximal operating driving command v of ±40µm, which

ensures that the operating driving voltage u will be within

±10V .

3) Standard H∞ problem and standard scheme: Three

weighting functions W1(s), W2(s) and W3(s) were intro-

duced (see Fig. 9-b) in order to fulfil the above specifications.

In the figure, the reference xd and the new disturbance

Ωw were considered as the exogenous inputs for the con-

trol synthesis, while the outputs to be controlled were the

weighted outputs o1 and o2. Fig. 9-c represents augmented

system Paug that can be constructed on the basis of Fig. 9-

b which incorporates the system G(s) and the weightings

W1(s), W2(s) and W3(s). According to the standard H∞

problem, an optimal value γ > 0 and a controller C(s) that

stabilizes the standard scheme have to be determined in order

to guarantee that [13]:

‖Fl (Paug, C)‖∞ < γ (9)

where Fl (Paug, C) represents the lower linear fractional

transformation (LFT) between Paug(s) and C(s) which can

be defined by:
(

o1
o2

)

= Fl (Paug, C)

(

xd

Ωw

)

. (10)

From Fig. 9-b, we have
{

o1 = W1Sxd −W1SW3Ωw

o2 = W2CSxd −W2CSW3Ωw,
(11)

where S is the sensitivity function S = 1
(1+CG) . Using (10)

and (11), the LFT can be expressed as:

Fl (Paug, C) =

(

W1S −W1SW3

W2CS −W2CSW3

)

. (12)

According to condition (9) and the LFT in (12), the H∞

problem becomes in finding an optimal value γ > 0 and a

controller C(s) such that

‖W1S‖∞ < γ; ‖−W1SW3‖<∞ < γ;
‖W2CS‖∞ < γ; ‖−W2CSW3‖∞ < γ

(13)

which are similar if

|S| < γ
|W1|

; |S| < γ
|W1W3|

;

|CS| < γ
|W2|

; |CS| < γ
|W2W3|

;
(14)



where 1
W1

, 1
W1W3

, 1
W2

and 1
W2W3

are called transfer func-

tions (gabarits).

4) Derivation of the weighting functions: The weighting

functions were calculated according to the specifications

defined in Section. III-E.2. For the tracking performance

specifications, we select:

1
W1

= s+1
s+1000 ⇒ W1 = s+1000

s+1 (15)

while for the command moderation, the maximal gain was

chosen as:

1
W1W2

= vmax

xmax

d

= 40µm
40µm = 1 (16)

we can deduce that the weighting W2:

W2 =
s+ 1

s+ 1000
(17)

For the disturbance rejection, the following gain was ob-

tained from the worst case:

1
W1W3

= emax

Ωmax
w

= 0.1µm
3.825µm = 0.026 (18)

Consequently, the weighting W3:

W3 = 0.026
s+ 1

s+ 1000
(19)

+
-

+
+

+
-

+
+

(a)

(b)

(c)

Fig. 9. (a) block diagram of the closed-loop, (b) block diagram of the
closed loop augmented with the weightings, and (c)standard scheme.

5) Controller calculation: The controller C(s) was cal-

culated through the Doyle-Glover algorithm [14][15] to

problem (14). The calculations revealed a controller of

11 order. This order was reduced to 5 without affecting

the performances of the closed-loop system. The reduced

controller which was calculated using the balanced realiza-

tion/reduction technique [16] and the optimal value of γ were

calculated as:
{

C(s) =
0.016(s+7.9×106)(s2+971s+4.6×105)(s2+43s+1.4×107)

(s+8.8×104)(s+974)(s+1)(s2+1153s+1.6×107)

γ = 1.69
(20)

IV. EXPERIMENTAL RESULTS

The feedback controller C(s) was employed to control

the PEA in conjunction with the inverse compensator P̂−1.

Three different experiments were performed in order to

explore the effectiveness of proposed methodology. In the

first experiment a series of step reference xd was applied to

the closed-loop system in order to verify that the response of

the system will not experience instability after a long period

of time. The results under this input are depicted in Fig. 10-a.

As the figure illustrates the stability is maintained as long as

the constant input is beyond 1.5s, which is sufficient relative

to the response time of the PEA. A zoomed version of the

step response Fig. 10-b shows that the settling time is (less

than 2ms), the overshoot is (0%) and the statical error is

negligible which satisfy the tracking performance.
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Fig. 10. Feedforward-feedback control of the PEA: (a) responses to a
series of steps, and (b) a step response.

The next experiment was carried out by applying a si-

nusoidal reference input xd under different excitations of

frequency. The results are shown in Fig. 11, which illustrates

that the tracking of a variable reference is well ensured

by the controller even at frequency excitations larger than

(f = 0.1Hz, see Fig. 4) which was considered for hysteresis

identification.



The last experimental test was conducted by applying a

sinusoidal input at different excitations of frequency within

the 0.01Hz - 1kHz range such that the harmonic response

of the closed-loop can be characterized. The results are

summarized in Fig. 12 and compared to harmonic response

of the PEA without the feedback-controller. As the figure

illustrates the peak of resonance of the PEA was approx-

imately at 400Hz without the controller, this peak which

is completely removed with the synthesized closed-loop

controller. In addition, the hysteresis of the PEA which

represents the decay of the magnitude at low frequency was

also cancelled out.

These experimental results demonstrate that the calculated

H∞ feedback controller can be employed to improve the

tracking performance of the actuator with the feedforward

inverse compensator.

V. CONCLUSIONS

A the formula that defines the output of the inverse

compensation in conjunction with a feedback controller were

employed to enhance the tracking performance of a plant.

The experimental tests on a piezoelectric actuator revealed

that this formula can be employed to synthesis an H∞

feedback controller. These tests further clarified that the syn-

thesized controller allowed tracking step as well as sinusoidal

reference input at different excitations of frequency.
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