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Abstract— Further results on a model-based hysteresis compensator that is constructed using inverse multiplicative structure of the Prandtl-Ishlinskii model are presented. This compensator can be used as a feedforward controller to compensate for
the hysteresis nonlinearities of smart materials-based actuators
at micro-scale level without employing the inverse model and
feedback. The study presents the convergence analysis, compensation error, and parameters uncertainties for the proposed
model-based hysteresis compensator. The results illustrate that
considering low sampling time is essential to enhance the
tracking performance in real-time system. The sampling time
is calculated based on the Prandtl-Ishlinskii model parameters
itself. The effectiveness of the proposed compensator was examined through numerical examples and in real-time system to a
piezoelectric cantilever beam. A closed-loop controller was also
applied with proposed compensator to verify the effectiveness
of the proposed compensator. The experimental results show
that the proposed model-based hysteresis compensator can be
applied to compensate for hysteresis nonlinearities in micro
positioning control systems.

I. I NTRODUCTION
Designing high precision positioning systems and microand nano-positioning applications such as observing and
manipulating objects at micro and nano scale levels require
employing smart material-based actuators that are able to
provide fine resolution and fast response when imposed to
external inputs such as voltage, current and temperature
[1]–[3]. The benefits of these actuators come at a cost
of hysteresis nonlinearities that are associated with oscillations in the open-loop system’s responses, poor tracking
performance and potential instabilities in the closed-loop
system [4]. Consequently, several control algorithms have
been suggested to cancel out the hysteretic effects of smart
material-based actuators, these include adaptive control [5],
energy-based control [6], robust control [7], [8], and
inverse hysteresis models [4]. The Prandtl-Ishlinskii model
is considered one of the most popular models that have been
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used with its inverse model for modeling and compensation
of hysteresis of smart material-based actuators [3], [4], [9].
The Prandtl-Ishlinskii model, in particular, is considered
attractive for modeling and compensation of hysteresis nonlinearities due to its suitability and simplicity for real-time
applications [11]. The classical version of this model has
been extended in [12] to a rate-dependent version. The ratedependent Prandtl-Ishlinskii (RDPI) model can describe the
hysteretic behaviour of smart material-based actuators which
incorporates rate-independent hysteresis at shallow levels of
excitation frequency, as well as rate-dependent hysteresis
nonlinearities at high excitation frequencies [10].
Recently [11], a new methodology that considers restructuring the model itself in an inverse multiplicative
scheme has been suggested for compensation of hysteresis
nonlinearities of smart actuators. The inverse multiplicative
scheme has been successfully applied to reduce the hysteresis
nonlinearities characterized by the classical Bouc-Wen model
[13] and the Prandtl-Ishlinskii model [11] which has
been extended in [14], [15] for the RDPI model. Although
this methodology can effectively compensate for the ratedependent hysteresis without formulating rate-dependent inverse model as in [14], the convergence analysis of the error
which is essential for applying feedback control algorithms
has not been investigated. Synthesizing feedback control
methodologies such as robust control and internal model
based feedback control to improve the performance of a plant
that exhibit dynamic hysteresis nonlinearities necessitates
adequate consideration for the convergence analysis of the
error when the inverse multiplicative scheme is applied.
In this paper, the convergence analysis of the error when
the inverse multiplicative structure of the RDPI model is
applied as a compensator is presented. This analysis aims
at facilitating the implementation of the feedback control
algorithms in order to improve the performance of hysteretic
dynamic plant that is associated with parameters uncertainties.
II. R EVISITING THE R ATE -D EPENDENT
P RANDTL -I SHLINSKII M ODEL
The proposed compensator is a model-based controller constructed using the rate-dependent Prandtl-Ishlinskii
model. In this section, we remind the rate-dependent PrandtlIshlinskii (RDPI) model which is often used for model
implementation or for real-time compensation. The model
is presented in this section along with the corresponding
discrete form. The rate-dependent Prandtl-Ishlinskii (RDPI)
model [12] has been recently suggested to describe the

rate-dependent hysteresis loops between input (voltage or
current) and the output displacement of piezoelectric and
magnetostrictive actuators.
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We conclude that the the RDPI model satisfies that inputoutput monotonicity. This analysis is presented to show the
convergence analysis for the proposed compensator when
used as a feedforward compensator.
III. A N I NVERSION -F REE F EEDFORWARD
R ATE -D EPENDENT C OMPENSATOR
A. The proposed compensator and the maximum compensation positioning
A new rate-dependent feedforward compensator, based
on the inverse multiplicative scheme which only uses the
RDPI model, is presented in this section for compensation of
rate-dependent hysteresis nonlinearities without formulating
an inverse model. The major advantage in the proposed
methodology that there is no additional calculation required
to obtain the compensator parameters. Thus, as long as the
model is identified, the compensator is yielded. Furthermore,
no condition should be satisfied in order to ensure the
invertibility of the RDPI model. The output of the proposed
compensator is
⇣
⌘
u(k) = ⇧[z](k) = ⇢0 1 z(k) ⌦[u](k 1) .
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Introducing the proposed compensator as an input to the
discrete RDPI model in (1), we have
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the proposed compensator, we obtain
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bounded and non-negative. The finite number of the RDP
operators ensures that the slope at each point on the hysteresis loop is finite. It can be concluded that
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The discrete RDPI model can be represented with the
sampling time Ts , where Ts = tk tk 1 , k = 1, 2, . . . , K,
and K 2 N is an integer. With the applied input z(k) and
the rate of the input v(t), the output of the discrete RDPI
model is
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Fig. 1: The proposed compensator with the Prandtl-Ishlinskii
hysteresis.
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and ri (v(k)) ri (v(k 1)) = 2 (|v(k)| |v(k 1)|). Let
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Let max |✏u (k)| = ✏1 , max |✏v | = ✏2 , and max | |✏⇠i |(k) =
✏3i (k), where ✏1 , ✏2 , and ✏3i are small positive constants, and
⇢max = max {⇢i }. Let ✏3 = max ✏3i . Then we conclude
|e(k)|  n⇢max max{✏1 +
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Let ✏ = max{✏1 + 2 ✏2 , ✏3 }, then |e(k)|  n⇢max ✏. The
error bound is E = n⇢max ✏. For very small ✏, the proposed
compensator yields y(k) ⇠
= z(k). (ii)When the input u(k) decreases, u(k) < u(k 1), we have | min{A, B}-min{C, D}|
= | max{ C, D} max{ A, B}|, and
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(iii) When u(k) = u(k 1), we have e(k) = 0. Then we
conclude if ✏u (k) = ✏v (k) = 0, then
(24)
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Figure 1 displays the block diagram of the suggested methodology which shows that the scheme of the hysteresis compensator is a restructuration of the initial RDPI model using an
inverse multiplicative scheme. The rate-dependent compensator is implemented in a feedforward open-loop manner for
compensation of rate-dependent hysteresis nonlinearities. It
should be noted that the delay block in the figure represents
one sampling time Ts delay between the actual control input
u(k) and the one that used by the compensator.
IV. C OMPENSATION OF H YSTERESIS IN S MART
M ICROPOSITIONING ACTUATORS

The RDPI model has been used to characterize hysteresis in different smart micropositioning actuators, such as
piezoceramic actuators and magnetostrictive actuators. As
shown in the pervious section that this study introduces a
| max{ C, D} max{ A, B}|  | max{|A C|, |B D|}.
model-based feedforward controller using the RDPI model.
(17)
Then it is essential to show the capability of the proposed
Then, we conclude that the error bound is E = n⇢max ✏
feedforward controller considering characterization errors. In
and for very small ✏, y(k) ⇠
= z(k)(iii) For non-decreasing this section, the parameters uncertainty of RDPI model with
or non-increasing input u(k), u(k) = u(k 1), we have
the proposed compensator are presented.
⌦[u](k) = ⌦[u](k 1) and the error e(k) = 0. Then we
concludey(k) = z(k).
A. Parameters Uncertainties
For the cases (i), (ii), and (iii) with the proposed compenThe output of the estimated discrete RDPI model is
sator, it can be concluded that
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,
(25)
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Thus, the proposed rate-dependent compensator ensures where ⇢ˆ0 is a positive constant and
the tracking performance when the system typifies ratedependent hysteresis nonlinearities.
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B. Convergence analysis
In this section we study the convergence analysis for the
proposed control method. For k > 0, we consider e(k) =
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where ⇢ˆi are positive constants. The proposed compensator
constructed with the estimated RDPI model is
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Fig. 2: The model-based feedforward compensator with a
smart micropositioning system.

Then, the output of the compensation can be expressed as

⇢5 = 0.0716, 1 = 1.7504, and 2 = 3.7627 ⇥ 10 4 . The
response of model under these excitations is presented in
ˆ
y(k) = ⇢0 ⇢ˆ0 1 z(k) ⇢0 ⇢ˆ0 1 ⌦[u](k
1) + ⌦[u](k), (28)
Figure 3 (a). The proposed compensator was subsequently
applied at sampling time of 1 ⇥ 10 6 Sec to reduce the
and the error is
dynamic hysteresis loops of the RDPI hysteresis model
ˆ
e(k) = z(k)(1 ⇢0 ⇢ˆ0 1 )+⇢0 ⇢ˆ0 1 ⌦[u](k
1) ⌦[u](k). (29) considering f
max = 500. Figure 3 (b) shows the output of
1
1 ˆ
the
RDPI
model
when the proposed compensator is applied
Let ⇢0 ⇢ˆ0 = ⌧ and P[k] = ⇢0 ⇢ˆ0 ⌦[u](k 1) ⌦[u](k),
in
a
feedforward
manner at input excitations of 1, 50 and
then
100 Hz. Figure 3 (c) illustrates the time history of the error
n
X
P[k] =
⌧ ⇢ˆi rˆi (v(k 1)) [u](k 1) ⇢i ri (v(k)) [u](k) . (30)e and e when the proposed compensator is applied at input
frequency of 50 Hz and sampling time of Ts = 1 ⇥ 10 6
i=1
Sec. The selected sampling time and weights satisfy both
and
conditions (35) and (36).
n
X
The effectiveness of the proposed compensator was also
P[k] =
max{|⌧ ⇢ˆi u(k 1) ⇢i u(k) +
explored
at same excitation frequency f = 50 Hz but at
i=1
sampling
time of Ts = 5 ⇥ 10 4 Sec that violates condition
⌧ ⇢ˆi ri (v(k 1)) ⇢i ri (v(k))|, |⇠i (k) ⇠i (k 1)|}. (31)
(35). The time history of e and e are shown in Figure
For ⇢ˆi = ⇢i + i
3 (d), which illustrates that increasing the sampling time
n
contributes substantial compensation errors. The compensaX
P[k] =
max{|(⌧ ⇢i + ⌧ i )u(k 1) ⇢i u(k) + (⌧ ⇢i
tion error signals e and e were also examined under 50
i=1
Hz excitation frequency at Ts = 1 ⇥ 10 6 Sec in Figure
+⌧ i )ri (v(k 1)) ⇢i ri (v(k))|, |⇠i (k) ⇠i (k 1)|} (32) 3(e). The weights were selected to violate condition (36). As
the figure demonstrates that ignoring condition (36) yields
and
a dense noisy output signal that might effect the tracking
n
X
performance os control systems in real-time system. The
|P[k]| 
max{|⌧ ⇢i u(k 1) ⇢i u(k) +
maximum error was finally explored as a function of the
i=1
sampling time under input frequency of 50 Hz in Figure
⌧ ⇢i ri (v(k 1)) ⇢i ri (v(k))| + ⌧ i u(k 1) +
3 (f). The figure shows that decreasing the sampling time
⌧ i ri (v(k 1)), |⇠i (k) ⇠i (k 1)|}
(33) contributes lower compensation error.
Let max{|⌧ u(k) u(k 1)|}= ✏¯1 , max{|u(k 1)+ri (v(k
1)|}= , max |⌧ ri (v(k 1)) ri (v(k))|= ✏¯2 , and max =
V. A PPLICATION TO A PIEZOELECTRIC CANTILEVERED
max{| i |}, where ✏¯1 , ✏¯2 , and  are positive constants. Then
ACTUATOR
the error is
A. The experimental platform
|e(k)|  |z(k)||(1

⌧ )| + n⇢max {¯
✏1 + ✏¯2 +

max , ✏3 }.

(34)

We conclude that the tracking error is bounded when the
uncertainties of the RDPI model parameters are considered
for compensation of hysteresis nonlinearities. This can be
obtained with very small sampling time. In this study we
consider with the following equation to obtain the sampling
time
1
Pn
Ts <
(35)
n(⇢0 + 1)( i=1 ⇢i + 1)(fmax + 1)
and considering

⇢max n < 1

(36)

to reduce the error of the compensation with the proposed
feedforward compensator.

In order to explore the effectiveness of applying the proposed rate-dependent compensator with the internal modelbased feedback control, a piezoelectric cantilevered actuator
was considered for experimental study. The proposed piezoelectric actuator exhibits the output displacement (deflection)
y[µm] when subjected to input voltage u[V ].
The piezoelectric cantilevered actuator was subjected to
a sinusoidal harmonic input voltage of 8V amplitude at
different excitations of frequency. Figure 4 shows the input
voltage-output displacement rate-dependent hysteresis loops
at 1Hz, 90Hz, 130Hz and 190Hz excitation frequency. As
the figure illustrates, increasing the excitation frequency of
the applied input yields a significant increase in the hysteresis
nonlinearities of the actuator.

B. Numerical example

B. Open-loop compensation

Consider a reference input for a hysteretic positioning
actuator is z(k) = 20 sin(2⇡f kTs ) µm where f = 1, f = 50
and f = 100 Hz applied to a RDPI model formulated using
n = 5 play operators and the parameters ⇢0 = 0.6295,
⇢1 = 0.1617, ⇢2 = 0.1137, ⇢3 = 0.0611, ⇢4 = 0.0328,

The measured experimental results in Figure 4 were
employed to identify the parameters of a RDPI model.
The model was formulated on the basis of the discrete
version presented in (1) and the two conditions (35) and
(36). The identified RDPI model was then restructured to

RDPI model. The output displacement of the actuator when
the proposed rate-dependent compensator is applied as a
feedforward compensator are given in Figure 5. The figure
shows the desired output displacement y[ µm] versus the
resulting output displacement y[µm] at different frequencies
in the 0.1Hz - 220Hz range. The compensation results
demonstrate that the suggested rate-dependent compensator
can be employed to cancel out the rate-independent and
rate-dependent hysteresis nonlinearities of the piezoelectric
cantilevered actuator. However, at very higher excitations,
the compensation results revealed slight error e that is mostly
attributed to the other dynamics that could not be represented
by the proposed RDPI model.

Fig. 3: (a) Input-output hysteresis of RDPI model at excitation frequency of 1, 50 and 100 Hz, (b) input-output of
RDPI when the proposed compensator is applied at 1, 50
and 100 Hz, time-history of e and e at (c) 50 Hz excitation
frequency and Ts = 1 ⇥ 10 6 Sec, (d) 50 Hz excitation
frequency and Ts = 5 ⇥ 10 4 Sec, (e) 50 Hz excitation
frequency and Ts = 1 ⇥ 10 6 Sec while violating condition
(36) and (f) the maximum error at different samplings of
time.

f=0.1Hz

f=1Hz

f=10Hz

f=50Hz

f=90Hz

f=130Hz

f=150Hz

f=190Hz

f=220Hz

Fig. 5: The hysteresis loops of the piezoelectric cantilevered
actuator when the proposed compensator is applied for
compensation of hysteresis nonlinearities.

VI. C LOSED - LOOP COMPENSATION

Fig. 4: Measured hysteresis loops at 8V amplitude applied
at 1Hz, 90Hz, 130Hz and 190Hz excitation frequency.
obtain the corresponding inverse multiplicative scheme as
illustrated in Figure 2 for compensation of rate-dependent
hysteresis nonlinearities of the piezoelectric cantilevered
actuator. The effectiveness of the proposed compensator
was subsequently examined at different excitations of input frequency differ than those employed to identify the

The previous sections dealt with the feedforward compensation of the rate-dependent hysteresis of the initial system.
The compensator was based on the combination of the
RDPI model that captures the hysteresis and the inverse
multiplicative structure. However, feedforward control is
known to lose efficiency when there are internal or external
perturbations acting to the system. The error e(k) can be
considered as an internal perturbation of a linear system.
Thus, the system can be represented using a linear model
subjected to a disturbance:
y(t) = G(s)yr (s) + e(s)

(37)

where G(s) = 1, where yr is the reference displacement
input. Since there are always high dynamics that could not
be represented by the RDPI and hence were not compensated
then G(s) 6= 1. In the sequel, we leave G(s) in order to
consider such more general case. The identification of G(s)

RDPI compensator + plant

+

+-

-

+

rate-dependent compensator to facilitate connecting smart
actuators to dynamic plants so as to deliver the desired
displacement without hysteresis nonlinearities. The dynamic
model Ĝ(s) was identified from output displacement that was
measured after applying a desired step input of yr = 40µm
to the compensated system. The dynamic model Ĝ(s) was
identified as:
19.6(s 1.2e5)(s+3e4)(s 2.8e4)(s 1.1e4)(s+1430)
(s2 +925s+4.6e5)(s2 +55s+1.4e7)(s2 +1.5e4s+4e9)
(s +4.3e4s+3.2e9)
(s2 +965s+3.9e9)

Ĝ(s) =

Fig. 6: Feedforward control augmented by an internal model
feedback scheme.
can be done with the new system having as input yr and
output y, see Figure 1.
In this section, we augment the previous feedforward scheme
with a feedback controller in order to add robustness and
improve the tracking objective. The internal model scheme
will be employed as a feedback control, which permits the
consideration of the perturbation and modeling error in G(s).
Figure 6 shows the feedforward scheme augmented by the
internal model based feedback control. In the figure, ry is the
exogeneous reference input, while C(s) and Ĝ(s) represent
the feedback controller to be calculated. In fact, the objective
is to obtain a Ĝ(s) as equal as possible to the real behavior
G(s). Ĝ(s) is therefore an approximate model of G(s). From
Figure 6, we have
⇣
⌘
1
ĜC
GC
⇣
⌘⌘ ry + ⇣
⇣
⌘⌘ e (38)
y=⇣
1 + C G Ĝ
1 + C G Ĝ

1
Selecting C(s) = Ĝ(s)
. Thus, y = ry + 0 ⇥ e, which implies that the steady-state error is always null and the
disturbance is always rejected irrespective to the constant
e(t), constant reference ry (t) and any approximate model
Ĝ(s). However, this choice only improves the steady-state
regime and ignores transient part. In order to consider a
transient part with a desired settling time tr for the closed1
loop, let us choose C(s) = F (s) Ĝ(s)
where the filter
1
F (s) = 1+ tr s directly corresponds to the desired closed3
loop behavior. Notice that, in that case, if the internal model
Ĝ(s) is exact (Ĝ(s) = G(s)), we have: y(s) = F (s)ry (s) +
(1 F (s)) e(s). Consequently, the desired transient part,
the zero steady-state error and the disturbance rejection are
guaranteed. However, if Ĝ(s) is not exact, we have y =
G
F
Ĝ
1+F G
Ĝ

(1 F )
r + 1+F
e. In such case, the steady1))
(
( 1)) y
(
(G
Ĝ
state error is still zero and the disturbance still rejected.
However, the transient part differs from the desired transient
part F (s). This difference increases with if Ĝ(s) has not
been identified properly.

VII. I NTERNAL MODEL - BASED FEEDBACK CONTROL
DESIGN

The convergence analysis in section III allows designing
feedback controllers that can be applied with the proposed

2

(39)
where e✓ denotes ⇥10✓ , for instance 3e4 = 3 ⇥ 104 . Figure
7 presents a comparison between both the experimental
step response measured from the piezoelectric cantilevered
actuator and the step response of the identified model Ĝ(s).
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40

: experimental step response

20
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- - - - -: model simulation
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Fig. 7: A comparison between the step response of the
piezoelectric cantilevered actuator and the identified linear
model Ĝ(s).

After estimating the Ĝ(s) that can represent the real dynamic model G(s) of the compensated system, a feedback
behavior F (s) has to be identified. A transient response
without overshooting and with a settling time of tr = 20ms
was considered as desired specifications for the closed-loop
control design. These specifications were selected to obtain
a better tracking compared to the response obtained from
the initial system Ĝ(s) (and G(s)) in Figure 7. Constructing F (s) based on desired requirements was employed to
1
yield the controller C(s) such that C(s) = F (s) Ĝ(s)
=
1
, where Ĝ(s) is given by (39). A step input
(1+6.7⇥10 3 s)Ĝ(s)
ry = 40µm was applied to the closed-loop augmented sys-

tem. The measured output displacement of the actuator when
the reference input ry = 40µm is applied is shown in Figure
8 (a) the figure shows that the desired specifications are fully
respected. The maximum error under a sinusoidal harmonic
input ry (t) = 40µm sin (2 ⇥ ⇡ ⇥ f ⇥ t) was evaluated under
different excitations of frequency in Figure 8 (b). As both
figures illustrate, the desired specifications are fully respected
and the proposed compensator can be employed with with
feedback controllers to improve the tracking performance of
piezoelectric cantilevered actuators.
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Fig. 8: (a) Experimental step response of the closed-loop with
the proposed internal model controller, (b) Maximum positioning error with the proposed controller under sinusoidal
harmonic input applied at different excitations of frequency.
VIII. C ONCLUSIONS
This paper investigated the convergence analysis when the
rate-dependent Prandtl-Ishlinskii hysteresis model (RDPI)
combined with an inverse multiplicative structure are combined and used to compensate for rate-dependent hysteresis
of smart material based actuators. The analysis demonstrated
that the output of the compensated system is equivalent to a
linear system followed by a bounded error. This formulation
was afterwards used to construct a closed-loop feedback
controller based on the internal model architecture. Both
the feedforward and feedback control approaches were afterwards applied experimentally to a piezoelectric cantilevered
actuator. The experimental results showed that the suggested
compensation methodology can be employed with a feedback
control architecture to improve the performance.
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