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Abstract— In the litterature, the generalized Bouc-Wen model
can track precisely asymetric hysteresis nonlinearity. In this
paper, we propose to extend this generalized model to multivariable hysteresis model that can track the nonlinearities
in multi-degrees of freedom (multi-DoF) hysteretic actuated
systems. In particular, these systems are typified by strong
hysteresis coupling. Then, a method of identification of the
multivariable hysteresis model is proposed. Finally, based on
the inverse multiplicative structure, we propose a multivariable
feedforward compensator of the nonlinearity. The proposed
approach has been applied to a multi-DoF piezoelectric tube
(piezotube) used in scanning probe microscopy and the experimental verification demonstrated its validity in term of model
precision and compensation efficiency.

I. I NTRODUCTION
Hysteresis is very known to be one of the piezoelectric
actuators behaviours that compromise the positioning accuracy. Hysteresis control has been largely studied either by
using feedback or feedforward control techniques.
In some applications such as precise positioning and
micromanipulation, the use of feedback control techniques
to remove hysteresis are limited by the lack of convenient
sensors having the required performances and convenient dimensions. In fact, embeddable sensors such as strain gauges
do not possess the required performances while performant
sensors such as optical sensors are very bulky [6][8]. For
this reason, feedforward (open-loop) techniques have been
adopted.
Two approaches have used feedforward control hysteresis in piezoelectric systems. The first approach consists in
modeling the hysteresis and then apply a model inversion,
in order to establish a linear relation between the input and
output displacement [11][8]. This approach is called voltage
control. The second approach is the charge control where,
instead of inverting the hysteresis model, the input to the
system is no longer the voltage, but the electric charge
provided by a designed electronic circuit [10]. This latter
approach benefits from the linearity between the input charge
and the output displacement of the piezoelectric actuator.
Hysteresis modeling for smart materials actuators has
been widely studied [12][22]. For piezoelectric actuators,
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the Preisach, the Prandtl-Ishlinskii and the Bouc-Wen models are the most used if the further aim is to calculate
a feedforward controller. The two first are based on the
superposition of many elementary hysteresis operators (hysterons) [11][13][19][20], while the third lies on a set of two
equations made of a number of parameters controlling the
shape and the scale of hysteresis [6] [4].
In the classical models of the above techniques (Preisach,
Prandtl-Ishlinskii, Bouc-Wen), the hysteresis modelled are
symmetrical. However, many hysteresis behaviour encountered in piezoelectric actuators like piezo-stack actuators
[14], piezoelectric multimorph cantilevers [17], piezotube
scanners, etc, are non-symmetrical. To model this class of
hysteresis, additional models have been introduced (Dahl
[18]), and some of the existing models have been extended
or modified: Extended Coleman-Hodgdon [9], Modified
Preisach [7], Modified Prandtl-Ishlinskii [2] and Generalized
Bouc-Wen [1].
The asymmetric hysteresis models cited above are not easily extensible to multi-DoF systems. In addition, in the case
of multiple degrees of freedom (multi-DOF), the number of
parameters to be identified can be very high leading to a very
complex calculation and implementation of the compensator.
In fact, the Preisach and the Prandtl-Ishlinskii techniques
present these disadvantages relative to the Generalized BoucWen technique. Indeed, the two formers being based on the
superposition of many elementary hysteresis, extending them
to multivariable implies a substantial increase of the parameters. In the Generalized Bouc-Wen technique, the number
of parameters will still be conveniently limited if extended
in multivariable offering a simplicity of model identification
and of compensator calculation and implementation.
In the literature, the study of multivariable hysteresis is not
yet well addressed. [15][16][18] focused on the modeling
of multivariable hysteresis which are symmetrical. In [9],
the compensation of hysteresis in a multi-DoF piezoelectric
actuator has been considered. However, only the direct
transfers have been controlled and the couplings were not
considered. The works come back to the feedforward control
of several monovariable hysteresis. In [14][17], couplings
were taken into account but their suppression were performed
by combining the feedforward and the feedback schemes.
In this paper we propose the modeling, the parameters
identification and the feedforward control of asymmetrical
hysteresis in multi-DoF piezoelectric actuators. The proposed

hysteresis model and compensator are multivariable because
they account both the direct hysteresis and the coupling
hysteresis. In order to benefit from the model simplicity of
the Generalized Bouc-Wen model [1], we propose in this
paper to extend such monovariable hysteresis model into a
multivariable hysteresis model. Then, we propose a procedure of identification of its parameters. Afterwards, a new
compensator of the multivariable hysteresis is proposed. The
compensation technique is based on the inverse multiplicative
structure and on the identified model. The advantage of this
proposed compensator is: as soon as the model is identified,
the compensator is yielded without additional calculation
thanks to the structure. Finally, experiments on a piezotube
scanner validate the efficiency of the proposed modeling,
identification and compensation approach.
The remainder of this paper is as follows. Section-2
reminds the existing monovariable generalized Bouc-Wen
asymmetrical hysteresis model. In section-3, its extension
into multivariable hysteresis model is presented. The proposed procedure of parameters identification is also detailed
in the same section. Section-4 is devoted to the compensator
calculation for the multivariable asymmetrical hysteresis
model. Finally, the experimental applications and results with
a piezotube actuator are detailed in section-5.

shape control function depending on three variables and to
control hysteresis with six shape phases instead of four as in
Bouc-Wen and Wang-Wen modelling. Such control function
is presented in (4) where βi are parameters to be identified.
ψGBW = β1 sgn(ẋz) + β2 sgn(xẋ)
+β3 sgn(xz) + β4 sgn(ẋ)
+β5 sgn(z) + β6 sgn(x)

For the case of piezoelectric based actuators, the first equation of (1) relates the driving signal which is the voltage U
with the bending displacement y of the actuator. In addition,
the parameter m can be assumed to be equal to 1 due to their
elastic structure [21]. So, by combining the first equation of
the set in (1) with the control function in (4), the generalized
Bouc-Wen model is:
(
y = kUh − z

i
(5)
ż = U̇ A − |z| ψ U, U̇ , z
with





 
ψ U, U̇ , z = β1 sgn U̇ z + β2 sgn U U̇
 
+β3 sgn (U z) + β4 sgn U̇
+β5 sgn (z) + β6 sgn (U )

Hysteresis in structural materials can be modelled by using
the set of equations (1) which is relation between force and
material deformation [1].
(
f (x, ẋ, z) = αk0 x + (1 − α)k0 z
(1)
ż = ẋ[A − |z|m ψ(x, ẋ, z)]
f is the resisting force, x and ẋ represent respectively
the deformation and the velocity of deformation, α is the
structure stiffness ratio, k0 is the initial stiffness, and z is a
variable denoting the structure inelastic behaviour.
ψ is the hysteresis shape control function which is defined
according to the hysteresis model. For Bouc-Wen and WangWen models, ψ functions are represented respectively by (2)
and (3):
ψBW = γ + βsgn(ẋz)
(2)
ψW W = γ + βsgn(ẋz) + φ[sgn(ẋ) + sgn(z)]

A. Multivariable Generalized Bouc-Wen modeling
In this section, we propose to extend the monovariable
model in equation (5) into a multivariable hysteresis mode
with n inputs and n outputs.
Let the following expression be the extension of the
monovariable model represented in (5):
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B. Remind of the monovariable Generalized Bouc-Wen
In [1], authors extend the number of variables on which
depend the hysteresis shape and they include also x in
addition to ẋ and z. This permits them to propose a novel
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The shape control functions for both Bouc-Wen and WangWen models depend only on two variables (ẋ and z). This
allows them to provide four different phases for the shape
control, but with one additional parameter φ for Wang-Wen
model.

(6)
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i.e.

(

y = KU − z
ż = AU̇ − Ψdiag(U̇ )|z|

(9)

where |z| ∈ Rn is a state vector and A ∈ Rn×n , the
hysteresis scale control matrix. Ψ is represented by equation
(10) and corresponds to the multivariable hysteresis shape
control matrix, extended from equation (4).

Ψ(U, U̇ , z) = Bdiag(sgn(U̇ z)) + Cdiag(sgn(U U̇ ))
+Ddiag(sgn(U z)) + Ediag(sgn(U̇ ))
+F diag(sgn(z)) + Gdiag(sgn(U )) (10)
B, C, D, E, F and G are Rn×n matrices controlling the
shape of the multivariable hysteresis.
B. Identification of Multivariable Generalized Bouc-Wen
By developping equations (7) and (8), (11) can be derived:

!
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ψij = Bij sgn(U̇j zj ) + Cij sgn(Uj U̇j ) + Dij sgn(Uj zj )



+E sgn(U̇ ) + F sgn(z ) + G sgn(U )
ij
j
ij
j
ij
j
(11)
In the above equation, the parameters to be identified are
kij , Aij , Bij · · · Gij with 1 ≤ i ≤ n and 1 ≤ j ≤ n
The subscript i denotes the considered output inside the
vector y, while j the considered input inside the vector U .
Furthermore, for i = j, we have the direct hysteresis and for
i 6= j, we have the coupling hysteresis.
To identify the parameters of the new multivariable Generalized Bouc-Wen model hysteresis, the following identification procedure is proposed:
Step 1 (experimental characterization): Apply a periodic (sinusoidal or triangular) input voltage Uj (starting by
j = 1) to the system and leave all the remaining inputs (i.e.
all Uk with k 6= j and 1 ≤ k ≤ n) equal to zero. Capture the
output displacement yj due to this voltage Uj (direct axis),
and capture also the coupling caused by this voltage to the
other axis (yk , k 6= j). In the model, these will correspond
to (Uj , yi ) (with i = 1, ..., j, ...n) which, from equation (11),
are derived as follows:

yi = kij Uj − zi



ż = A U̇ − ψ U̇ |z |
i
ij j
ij j j

ψ
=
B
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j zj ) + Cij sgn(Uj U̇j ) + Dij sgn(Uj zj )



+Eij sgn(U̇j ) + Fij sgn(zj ) + Gij sgn(Uj )
(12)
Step 2 (identification of the direct hysteresis parameters):
Identify, first, the parameters kjj , Ajj · · · Gjj from the direct
hysteresis (Uj , yi ) (with i = j). This is done by using the

following equations:


yj = kjj Uj − zj

ż = A U̇ − ψ U̇ |z |
j
jj j
jj j j
ψjj = Bjj sgn(U̇j zj ) + Cjj sgn(Uj U̇j ) + Djj sgn(Uj zj )



+Ejj sgn(U̇j ) + Fjj sgn(zj ) + Gjj sgn(Uj )
(13)
Step 3 (identification of the coupling hysteresis parameters): Then, identify the parameters kji , Aji · · · Gji from
the coupling hysteresis ((Uj , yi ) with i 6= j). This is done
using the following equations:


yi = kij Uj − zi




żi = Aij U̇j − ψij U̇j |zj |

ψij = Bij sgn(U̇j zj ) + Cij sgn(Uj U̇j ) + Dij sgn(Uj zj )



+Eij sgn(U̇j ) + Fij sgn(zj ) + Gij sgn(Uj )



ż = A U̇ − ψ U̇ |z |
j
jj j
jj j j
(14)
After that, repeat the previous three steps for j = 2, 3, ..., n
to find the remaining parameters.
Parameters identification at the individual steps Step 2
and Step 3 can be performed with classical technique of
identification. This individual identification is similar to the
monovariable hysteresis model identification. For instance,
in [3], the monovariable Generalized Bouc-Wen parameters
were identified by using techniques such as Genetic Algorithms. In this paper, we have performed the identification in
the individual steps (Step 2 and Step 3) by using the nonlinear least square Matlab optimization toolbox (lsqnonlin)
mentioned in [1] to minimize minimize the sum of squared
errors over the concerned entire hysteresis loop.
IV. F EEDFORWARD C ONTROL OF THE M ULTIVARIABLE
G ENERALIZED B OUC -W EN
Assuming now that the parameters of the multivariable
Bouc-Wen hysteresis model in (9) are identified, we present
in this section a (multivariable) compensator for the hysteresis. The compensator is built in a way such that the general
feedforward controlled system as depicted in Fig.1-a satisfies
the following condition:
y ref = y
ref

ref

(y1ref

(15)
y2ref

· · · ynref )T )

where y
(with y
=
is the
desired (reference) input vector. The first equation of the
multivariable model in (9) becomes therefore:
y ref = KU − z

(16)

From (16), the compensator is directly yielded as follows
which has an inverse multiplicative structure:
U = K −1 (y ref + z)

(17)

where the control voltage U is the output of the compensator and the desired displacement y ref is its input. It
is worth to notice that this compensator is implementable
because K is invertible (non singular). Indeed, when designing a multi-DOF actuators, the first natural expectation

is that each input control Ui affects a corresponding output
displacement and axis yi : in other words, the direct transfers
Kii are non-null. The only case where K is singular is when
applying a voltage Ui , couplings yj (j 6= i) exist in a such a
way that their sum compensates for the the output yi . This
case is very rare and in general, designers of actuators will
never allow systems having such characteristics.
In details, the compensator of equation (17) is written as
in (18) while the simplified diagram for the multivariable
hysteresis compensator with the proposed approach is represented in Fig.1-b.
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The proposed approach is devoted to multi-DOF piezoelec-
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and −y respectively) to obtain tube deflections along the
X direction (Y direction). Axial deformation (extension or
elongation along the Z direction) is obtained by applying
simultaneously +U on the four external electrodes.
As PT230.94 operating voltage range is ±250V , a high
voltage amplifier is needed to amplify the control voltage.
The tube deflections are measured by using optical displacement sensors LC2420 from Keyence Company. The sensors
are set to have a resolution of 50nm, an accuracy of 200nm
and a bandwidth in excess of 1500kHz. The sensors and
the amplifier are connected to the computer through a 1103dSPACE board (Fig.2).
Due to the tubular shape of the actuator, it does not allow
linear measurement with the optical displacement sensors.
For this reason, we placed a small cube on the top of
the piezotube with perpendicular sides pointing towards
the sensors. Also, in the sequel, we are interested to the
hysteresis behavior along the X and the Y axis and to their
control. Accounting the general case where we are face to
couplings, we can consider a bi-variable system with inputs
Ux and Uy and with outputs X and Y .

y1
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Fig. 1: (a): block diagram of a feedforward control of
multivariable hysteresis. (b): Generalized Bouc-Wen based
multivariable hysteresis compensator. Z(.) denotes a nonlinear operator characterizing the second equation of (9)

Power
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tric actuators. Another advantage is that there is no additional
calculation to derive the compensator, except the inversion
of K. As soon as the model is identified, the compensator
is derived thanks to the inverse multiplicative structure.
V. E XPERIMENTAL RESULTS AND DISCUSSIONS

PiezoTube

Ux

Uy

Fig. 2: Experimental setup description.

A. Experimental setup
The actuator used for the experiments is a PT230.94
piezotube scanner (from PIceramic company) that is often
used in atomic force microscopy (AFM). This is an actuator
designed to provide deflections along with three directions
(X, Y and Z). The actuator is made up of PZT material
(lead zirconate titanate), four external electrodes (+x, -x,
+y and -y), and an inside electrode for ground. +U and
−U voltages can be applied on +x and −x electrodes (+y

B. System characterization, modeling and identification
This section is devoted to the characterization and modeling of the piezotube and the parameters identification.
• Multivariable Hysteresis Characterization:
We apply first a sine voltage Ux with an amplitude of
200V and a frequency of 0.1Hz to the x electrodes
(+x and -x) and we set Uy equal to zero. The resulting
displacements X and Y are measured thanks to the

optical sensors. Then we plot X versus Ux (direct
transfer) and Y versus Ux (coupling). They are pictured
in Fig.3a-(1) and in Fig.3a-(3) respectively.
Then, Ux is set equal to zero and we apply the same sine
voltage but to the y electrodes (+y and -y). The resulting
displacements X and Y are once again measured and
we afterwards plot X versus Uy (coupling) and Y versus Uy (direct transfer). The plots are pictured in Fig.3a(2) and in Fig.3a-(4) respectively. Notice that the chosen
frequency (0.1Hz) used for the characterization and
identification corresponds to the operational frequency
when controlling the system.
• Generalized Bouc-Wen parameters Identification
and Validation:
This is done by following the steps discussed in section
III.B. From the experimental hysteresis curves, we have
identified the parameters of the multivariable Generalized Bouc-Wen model that fits with the experimental
data by following these steps and by applying a nonlinear least square optimization with Matlab.
With the identified parameters, the Generalized Bouc-Wen
set of equations (7), (8) and (10) can now be written as:
  
   
Ux
z
X
0.1873 0.0432
=
− x
(19)
Uy
zy
Y
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{z
}
|

We mention that the model parameters are identified only
from the external hysteresis loop, i.e from the hysteresis
loops captured when the input voltage amplitude is in its
maximal operating range (200V ). Fig.3b-(1), (2), (3) and (4)
picture the comparison between the experimental hysteresis
and the simulation of the identified model. In the figures,
hysteresis with the external loop and hysteresis obtained
with lower voltages are plotted. This comparison show the
good conveniency of the identified model. The efficiency of
the Generalized Bouc-Wen modeling is very remarkable in
Fig.3b-(2) and (3) where the asymmetry of the hysteresis is
important. This asymmetry cannot be tracked by the classical
Bouc-Wen model.
C. Hysteresis compensation and Comparison between compensated and uncompensated system
After the model identification and validation, we have
implemented in the Matlab-Simulink software the hysteresis
compensator of Fig.1-b. The compensator is built by using
the parameters identified in section V-B. When the piezotube
actuator is controlled, the output deflections X and Y versus
the input references Xref and Yref are represented in Fig.4.
TABLE I: Comparison between system responses, before and
after compensation
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Expected X
Expected Y
Coupling X
Coupling Y
Coupling X
Coupling Y
Coupl X/ Exp Y
Coupl Y/ Exp X

Before
Compensation
12.8/68=18.8%
11.5/63=18.2%
1/3.2=31.2%
0.8/2.3=34.7%
3.2 µm
2.3 µm
3.2/63=5.0%
2.3/68=3.38%

After
Compensation
1.8/60=3.0%
0.9/60=1.5%
0.0/1.2=0%
0.0/1.1=0%
1.1 µm
1.2 µm
1.1/60=1.8%
1.2/60=2.0%

Comparing the initial hysteresis in Fig.3a with the results
in Fig.4 obtained with the compensator, we can clearly see
that the proposed compensator has considerably suppressed
the hysteresis along X and along Y and reduced the coupling
amplitudes. Table.I summarizes the performances of the
piezotube with and without the proposed hysteresis compensator. The hysteresis which were initially 18.8% and 18.2%
for the X and Y displacements respectively were reduced
to less than 3% and than 1.5% (direct transfers). We also
remark that the input-output map of these direct transfers is
with unitary gain. Concerning the couplings hysteresis, they
were reduced from 31.2% and 34.7% for the X and Y displacements respectively to almost 0%. The amplitudes of the
couplings were also reduced. The remaining couplings are
due to the fact that the coupling hysteresis of the piezotube
actuator were not regular and then the generalized Bouc-Wen
technique could not exactly modelled. This non-regularity
involves other kinds of nonlinearities to be combined with
the hysteresis, which is not the objective of this paper.
D. Lissajous curves trajectories tracking
Lissajous trajectories are used in [5] as a novel reference
inputs for high speed scanning probe microscopy. In this
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Fig. 3: Hysteresis characterization and Multivariable Generalized Bouc-Wen model representation.
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A multivariable generalized Bouc-Wen model for multiDoF systems with hysteresis has been presented in this paper.
The proposed model is applicable to multi-DoF piezoelectric
actuators exhibiting asymmetric hysteresis both in the expected (direct) transfers and in the couplings transfers. Then,
a procedure to identify the parameters of the multivariable
model has been proposed. Afterwards, we have proposed a
compensator devoted to the multivariable generalized BoucWen model. Based on the inverse multiplicative structure,
there is no additional calculation of the compensator. The
ease of implementation of the compensator was also discussed. Finally, the proposed modeling, identification procedure and compensation technique have been applied to
a piezoelectric tube scanner often used in atomic force
microscopy and working in 2-DoF. Experimental tests with
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subsection, we test the efficiency of our compensator by
executing Lissajous trajectory tracking in X − Y plane.
The tracked figure is based on two input sinusoidal signals:
Xref = X̂sin(2πfx t + φ) and Yref = Ŷ sin(2πfy t).
The experimental results which are reported in Fig.5 were
obtained at a frequency ratio fx /fy = 0.3Hz/0.2Hz = 3/2
and φ = π/2. When using the compensator, the references
have signal amplitudes X̂ and Ŷ equal to 30µm. For the
uncompensated system, the applied input voltages are Ux =
200sin(2πfx t+φ) and Uy = 200sin(2πfy t). This amplitude
voltage (200V ) corresponds to about 30µm of deflections
according to Fig.3a. The results were afterwards scaled in
order to make the comparison coherent. From this figure,
we notice the improvement of contour tracking when using
the proposed Generalized Bouc-Wen hysteresis compensator.

expected Y

−30
−20

−10

0
Xref[µm]

10

20

30

(c)

−40
−30

0
Yref[µm]

(d)

Fig. 4: Deflections of the piezotube actuator versus the
reference inputs when using the compensator. (a) and (d)
show the expected deflections, and (b) and (c), the couplings
which are reduced.

classical signal references and more complex references
trajectories (Lissajous curves) demonstrated the efficiency of
the proposed approach.
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