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Abstract

We propose output-feedback tracking control with an extended high-gain observer-based

feedback control for a class of precision motion systems that include unknown rate-dependent

hysteresis nonlinearities with linear dynamics. The proposed control system has a number

of features; namely, (i) it can guarantee ultimate boundedness of the tracking error, where

the ultimate bound can be made arbitrarily small, for any given initial conditions and for

bounded unknown exogenous inputs and modeling parameters, (ii) it provides the possibility

of shaping the transient response of the closed-loop system as desired, and (iii) the proposed

technique is non-adaptive inversion free technique. To verify the effectiveness of these results,

first simulation results are provided for an iron pendulum in a magnetic field system. Then,

the output-feedback approach is also applied experimentally to a piezotube micropositioning

actuator for a precision motion control.

1 Introduction

Considerable continuing efforts are being made to seek control methods for motion systems ex-

hibiting strong hysteresis nonlinearities to perform high precision motion. Most of the actuators

in these systems use smart or active materials: piezoelectric actuators, magnetostrictive actua-

tors, and electroactive polymers [1]. Piezoelectric material-based actuators have been recently
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used in different precise positioning systems since they can perform high resolution of movement

at high excitation frequencies [2]. Moreover, these actuators have been used to design different

nanopositioning systems, see for example [3]. Precise positioning driven by piezoelectric mate-

rials are found in various applications and some of them are now commercially available. For

example, these applications include the Atomic Force Microscopy (AFM) [4], energy harvesting

[5], piezoelectrically actuated hydraulic valves [6], diesel injectors [7], medical microrobots [8],

nanomanipulator actuators [9], piezoelectric flexible manipulator [10], manipulator grippers[11].

In [4], a piezoceramic actuator is used to design a micro-air vehicle. A homogenized energy

model is developed to characterize the dynamic of the used actuators. In [5], a multistage energy

harvester is designed with a piezoelectric stack to enhance the power output from human footstep

during walking. In [6] a piezoelectric ring bender is proposed to control a high pressure hydraulic

actuation system to improve the accuracy and performance of the flow. In [7], a piezoceramic

actuator is used to design a diesel injector system with a high level of accuracy. The study showed

that piezoceramic actuator systems can be integrated with hydraulic injectors. In [8], piezoce-

ramic materials are used to design a kinematic microrobot devoted to laser phonosurgery tasks.

The study showed the advantage of using the piezoceramic materials in microrobots. In [9], a

multi-degree of freedom nano-manipulator is designed with piezoceramic actuators to obtain high

precision system with large range and high mechanical bandwidth. In [10], simultaneous position-

ing control and vibration suppression of flexible manipulator is accomplished with a piezoelectric

actuator. In [11], piezoelectric materials are used to design heavy force-moment sensor to detect

forces of heavy-load manipulator’s gripper.

Hysteresis nonlinearities that characterize the nonlinear dynamics of these actuators, prin-

cipally piezoelectric and magnetostrictive ones, considerably degrade the tracking performance,

cause high oscillations, and reduce the accuracy of these micro/nano-positioning tasks [12]. Thus,

considerable works have been led in the modeling and control of piezoelectric actuators by ac-

counting for their hysteresis nonlinearities in order to reach certain accuracy in the final tasks.

Within the last years, extension of these works have been raising in order to consider the fact

that the hysteresis nonlinearities are also strongly dependent on the rate of the input control,

i.e. the nonlinearities are dynamical. Overall, these extension can be classified into two cate-

gories. The first category consists in simplifying the nonlinear dynamics into a rate-independent

hysteresis (nonlinear statics) followed by a linear dynamics, which is inspired from the well-known

Hammerstein architecture. In this category, the classical Bouc-Wen [13], the Prandtl-Ishlinskii

model [14] and the Preisach model [15] were the most used as the rate-independent hysteresis.

Different adaptive and robust control techniques have been proposed in the literature to control
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and stabilize dynamical systems coupled with rate-independent hysteresis nonlinearties. These

include Preisach hysteresis with a linear dynamical system [16], Prandtl-Ishlinskii hysteresis with

a nonlinear dynamical system [17], and Prandtl-Ishlinskii hysteresis with with a linear dynamical

system [18].

The second category considers the rate-dependent hysteresis nonlinearties, where the hys-

teresis models parameters include the time rate of the applied input. The Prandtl-Ishlinskii

approach has undergone extensive studies for its extension to rate-dependent models last few

years, for example the inverse rate-dependent Prandtl-Ishlinskii model with a piezoceramic ac-

tuator [19] and the inverse generalized Prandtl-Ishlinskii model with a magnetostrictive actuator

[20]. In these studies, the rate-dependent Prandtl-Ishlinskii models and modified play-operators

or stop-operators have been introduced. This paper is dealing with modeling a class of systems

with rate-dependent hysteresis nonlinearities by proposing Netushil’s principle and operator. The

proposed rate-dependent hysteresis model is afterwards feedback controlled through a high-gain

observer. Different control techniques have been proposed to stabilize dynamical systems with

hysteresis. These techniques can be classified into inversion-based and inversion free-based control

systems. Inversion-based control systems consider the inverse hysteresis model as a feedforward

compensator to reduce the effect of hysteresis nonlinearities. These include inverse Preisach model,

inverse Prandtl-Ishlinskii model, inverse rate-dependent Prandtl-Ishlinskii model, inverse general-

ized Prandtl-Ishlinskii model. These inverse models have been used with different control systems

to enhance the performance of the compensation and to stabilize associated dynamical systems.

These include robust control with inverse Prandtl-Ishlinskii model [21], PID control with inverse

Prandtl-Ishlinskii model [22], disturbance observer with the inverse Prandtl-Ishlinskii model [23],

and extended high-gain observer [24]. These techniques assume known hysteresis nonlinearties

within the closed-loop control systems [24].

Other approaches fall under the inversion free-based control systems. These include disturbance

rejection [25], hybrid control for backlash hysteresis operator [26], adaptive control for Prandtl-

Ishlinskii model [27], passivity-based control for Preisach model [28], an inversion-free feedforward

rate-dependent compensator for the rate-dependent Prandtl-Ishlinskii model [29], a multiplicative

structure to compensate for the Bouc-Wen hysteresis nonlinearity in piezoelectric actuators [13],

and adaptive control [30].

The main contributions of the paper include:

• Development of inversion-free adaptive-free control approach for a piezoceramic micro-positioning

system that deals with uncertain hysteresis dynamics and high oscillations.

• Development of an extended high-gain observer-based control strategy to stabilize a wide
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class of precision motion systems with detailed stability analysis and error boundedness with

unknown hysteresis nonlinearties.

• Perform experimental study with a piezoceramic micro-positioning cantilever that shows

rate-dependent hysteresis and high oscillations.

In summary, the main contribution of this paper is to show that an extended high-gain observer-

based output-feedback control system can solve the tracking problem for a class of precision motion

systems with unknown hysteresis nonlinearties in a way that does not need inverse hysteresis model

nor adaptive techniques.

More specifically, the control strategy is based on employing a feedback linearization control

assuming first that all the states as well as the hysteresis nonlinearity and exogenous inputs are

known. This way, the transient performance can be shaped as desired by choosing the eigenvalues

of the closed-loop system. Considering now the realistic scenario where only the measured output

is available for feedback and that modeling of the system nonlinearities and exogenous inputs

may not be precise, we utilize an extended high-gain observer to estimate the unavailable states

and system nonlinearities. Using this approach, we show that the standard features of high-gain

observer-based control systems are attainable. In particular, we show that the closed-loop system

tracks any bounded reference signal in a robust way and for any given initial conditions. It is

worth to note that in the literature, output feedback structure has already been used to control

piezoelectric actuators. In [31], an output feedback controller was designed with a linear quadratic

technique and was combined with a feedforward controller to damp the inherent badly damped

vibration of the piezoelectric actuator. However, the hysteresis nonlinearity was not considered

and therefore limited the application to piezoelectric actuator that work in low deformation/dis-

placement only. In [32] and [33], output feedback controller designs based on linear quadratic (LQ)

tracker technique and on poles assignment technique respectively have been proposed. Both of

the two works utilized interval models to approximate the behavior of the piezoelectric actuator.

Whilst the models accounted for parametric uncertainties, they still remained linear and the hys-

teresis nonlinearity was still not considered. Therefore, against the literature on output feedback

control of piezoelectric actuators, the contribution of this paper is the design of controller with

consideration of the hysteresis nonlinearity.

We also show that it is possible to design the controller in such a way that allows the closed-

loop system to have desired transient performance. This latter feature distinguishes the proposed

approach in this paper from a similar approach proposed in [34] applied to systems with rate-

independent hysteresis. Moreover, it was shown in [34] that for the control system to handle

unknown modeling parameters, it utilizes an auxiliary (dynamic) controller to compensate for the
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unknown parameters. In this paper, on the other hand, we show that there is no need for that as

the output feedback controller can be modified in a straight forward way to compensate for any

unknown parameters. Preliminary results of this study were presented in [35].

The remainder of the paper is organized as follows. Section 2 introduces the problem formu-

lation of the study, the Netushil hysteresis model, and the bounds of the model. In Section 3,

a closed-loop system with the unknown hysteresis nonlinearities is considered. The section pro-

posed the high-gain observer-based output feedback control for uncertain hysteresis and unknown

uncertainties and disturbances. Section 4 considers tracking control of an iron pendulum in a

magnetic field with the rate-dependent Netushil hysteresis model under different scenarios. Then

section 5 presents experimental results of the proposed high-gain observer-based output feedback

control with piezoelectric actuator classically employed in precise positioning applications such

as in atomic force microscopy and in nanomanipulation. The piezoelectric actuator shows rate-

dependent hysteresis, creep effects, and high oscillations. Finally, the conclusion and future work

are presented in Section 6.

2 System Model and Problem Formulation

This section states the problem formulation.

2.1 Problem formulation

We consider precision motion systems represented by the following nonlinear model1

ẋ1 =x2,

ẋ2 =x3,

...

ẋm =a(x,w) + ψ(η) + ρ(t) + u,

(1)

εη̇ =Φ(x, η), (2)

ẇ =f0(x,w), (3)

y =x1, (4)

1 Without loss of generality, the hysteresis model (2.1) can depend on the input u. This is in view of the fact
that the control input is going to be designed as a globally bounded function of the state.
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where x ∈ Rm, w ∈ Rq, u ∈ R and y ∈ R are the control input and measured output, respectively,

ψ(η) is a function that represents the output of the hysteresis dynamics and η ∈ Rn is the state

of the hysteresis dynamics (Netushil hysteresis system), which will be described in more details in

Subsection 2.2, ε is a positive small constant, ρ(t) ∈ R is an unknown bounded disturbance, and

a(·, ·) and f0(·, ·) are assumed to be sufficiently smooth and locally Lipschitz nonlinear functions

(could be unknown). The equations εη̇ = Φ(0, η), and ẇ = f0(0, w) constitute the zero dynamics

of the system, i.e. the remaining dynamics of the system when y = 0 [36]. Accordingly, the

internal dynamics are based on the zero dynamics. It is worth noting that the system (1)-(4) is

in the nonlinear normal form, where the output and its derivatives are the external dynamics and

the η and w are the internal dynamics [36].

In Subsection 2.2, we will show that (2) is bounded-input-bounded state stable. We fur-

ther assume that (3) is bounded-input-bounded state stable making the whole internal dynamics

bounded-input-bounded state stable. More specifically, we have the following assumption. There

is a continuously differentiable function V0(w), class K functions β1 and β2, and a nonnegative

continuous non-decreasing function χ such that

β1(||w||) ≤ V0(w) ≤ β2(||w||)
∂V0

∂w
f0(x,w) ≤ 0, ∀ ||w|| ≤ χ(||x||)

for all x,w ∈ Rm × Rq.

We consider the problem of controlling the output y(t) so that it asymptotically tracks a

reference signal d1(t). In this case, we assume that d1(t) is a smooth bounded function and

d2 ,
dd1
dt

, d3 ,
dd2
dt

, . . . , dm ,
ddm−1

dt
to be bounded for all t ≥ 0. The closed-loop system’s transient

response is desired to have some predefined characteristics such as particular settling time and

percentage overshoot. Towards accomplishing this objective, we consider the change of variables

e = x− d,

where e = [e1 e2 . . . em]T , and d = [d1 d2 . . . dm]T . Using this change of variables, we get the

6



tracking error dynamics

ė1 =e2, (5)

ė2 =e3, (6)

...

ėm =a(e+ d, w) + ψ(η) + ρ(t) + u− ḋm, (7)

εη̇ =Φ(e+ d, η), (8)

ẇ =f0(e+ d, w), (9)

yt =e1 = x1 − d1, (10)

where yt is the measured tracking error. The problem can now be cast as designing a controller

u to asymptotically regulate e(t) to zero while meeting certain requirements on the transient

response.

2.2 The Hysteresis Model and its Properties

In this section, we present a rate-dependent hysteresis model using a singularly perturbed ordinary

differential equation with a deadzone operator. Specifically, we consider Netushil’s principle [37] to

characterize a class of rate-dependent hysteresis nonlinearity in smart materials-based actuators.

2.2.1 Input-output relationship

It is important to mention that the Netushil’s principle uses the slow-fast systems to represent hys-

teresis operators [38]. This model can characterize a class of rate-independent and rate-dependent

hysteresis nonlinearities in smart materials-based actuators. However, the inverse model, which

can be used as a feedforward compensator, is not available in the literature. Compared with other

hysteresis models such as the Preisach model, Prandtl-Ishlinskii model, and Bouc-Wen model,

the Netushil model includes a perturbation constant that can add uncertainties to the hysteresis

curves [35]. A linear combination of weighted Netushil hysteresis operators can be presented as

ψ(η) =
n∑
i=0

piηi, (11)
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where

εη̇i(t) = Φri [zi](t), (12)

zi(t) = v(t)− ηi(t) (13)

ηi(0) = ηi0, (14)

where v ∈ R is the input, pi ≥ 0 are positive constants, i = 1, 2, . . . , n, ηi(0) are initial conditions,

ri ≥ 0, where r0 > r1 > · · · > rn are thresholds that determine the radius of the hysteresis loops,

and Φri [zi](t) are the output of the deadzone operators, where

Φri [zi](t) =


zi(t)− ri for zi(t) > ri & v̇(t) > 0,

0 for |zi(t)| < ri,

zi(t) + ri for zi(t) < −ri & v̇(t) < 0.

(15)

As a result,

εη̇i(t) =


v(t)− η(t)− ri for zi(t) > ri & v̇(t) > 0,

0 for |zi(t)| < ri,

v(t)− η(t) + ri for zi(t) < −ri & v̇(t) < 0.

(16)

Then, for zi(t) > ri and v̇(t) > 0,

ε|η̇i(t)| = v(t)− ηi(t)− ri, (17)

for zi(t) < −r and v̇(t) < 0,

−ε|η̇i(t)| = v(t)− ηi(t) + ri, (18)

and for |zi(t)| < ri,

−ε|η̇i(t)| = 0. (19)

Then, (i) for v̇(t) > 0 and zi(t) > ri, we have ηi(t) = v(t) − ri − ε|η̇i(t)| and ηi(t) = v(t) − ri(t),
(ii) for v̇(t) < 0 and zi(t) < −ri, we have ηi(t) = v(t) + ri(t), and (iii) for |zi(t)| < ri and v̇(t) = 0,
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we have ηi(t) = v(t) + ri(t), where

ri(t) = ri + ε|η̇i(t)|. (20)

Here, we define ri(t) as the time-dependent threshold of the Netushil hysteresis operator. The

above equation can characterize hysteresis under different operating conditions. At low excitation

frequencies the threshold equation ri(t) ≈ ri and this represents the time independent hystere-

sis. At higher frequencies, the term ε|η̇i(t)| represents the rate-dependent hysteresis nonlinearties.

This equation has been used to model the hysteresis and creep behavior in piezoelectric and mag-

netostrictive materials. Physically, we add a viscous element, ε|η̇i(t)|, in the threshold equation to

express the rate-dependent hysteresis. Equation (20) is equivalent to characterize rate-dependent

by means of an analogical model with elastic, plastic, and viscous elements. More details can be

found in [39, 40].

In this part we show how to find the actual input v(t) of the proposed hysteresis model.

The range of v should be not be smaller than the width % of the observed hysteresis loop. For

the Netushil hysteresis loop, we define its width as the largest separation between two input

values that correspond to a same output value. The maximum width of the hysteresis loop

is the separation between the increasing and decreasing curves when the hysteresis operators

are on their increasing and decreasing curves curves, respectively. For the increasing curve, the

output of Netushil hysteresis model can be expressed as ψ(η(t)) =
∑n

i=1 pi(v(t) − ri(t)); for the

decreasing curve, the output can be expressed as ψ(η(t)) =
∑n

i=1 pi(v(t) + ri(t)). To figure out

the horizontal separation of the input-output loop between these two curves we can find the input

values, v∗+ and v∗−, for both curves, with their corresponding outputs ψ(η(t)) = 0. By considering

r1(t) ≤ ri(t) ≤ rn(t), for i = 1, · · · , n, we can verify the Netushil hysteresis loop width as

% = v∗+ − v∗− = 2

∑n
i=1 pir

∗
n∑n

i=1 pi
,

where r∗n is the threshold value of the maximum rate-dependant threshold rn(t) at ψ(η(t)) = 0 of

increasing or decreasing curves. Then the range of the input v should be larger than %.

2.2.2 Lipschitz continuity and bounds

In this section we show that the Netushil operator is a Lipshitz-continuous operator. For any i,

let f
i

= −ε|η̇i(t)|, f̄i = ε|η̇i(t)|, and fi = 0. Following [38], there exist two Lipshitz continuous

increasing functions f
i
(v(t)) > f̄i(v(t)) such that f > 0 when y > f̄(v), f = 0, when y ∈
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(a)

(b) (c)

Figure 1: (a) Input-output relationship of a deadzone operator Φr of threshold r, input z, and
output Φr[z]. Input-output relationship of Netushil hysteresis operator with (b) ε > 0, and (c)
ε = 0 .

[f̄(v), f(v)], and f < 0 when y < f(v). We can write

|f(t)| ≤ npmax max{|ηi(t)|}, (21)

where pmax = max{pi} and we have max{|ηi(t)|} with ri = 0. Then εη̇(t) = v(t) − η(t), εη̇(t) =

v(t) + η(t), and εη̇(t) = 0. Since 0 < ε << 1, we can write ηi(t) = v(t) + σ(t), where σ(t) is the

shift in the output η(t) due to the term εη̇(t). Then, we can write

|ψ| ≤ npmax|v|+ npmax|σ|, (22)

Then, the bounds of the model depends on the input v(t) and ε.

Alternatively, we can show that the hysteresis model is bounded-input-bounded-state stable
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when viewing v(t) as input, which is a function of e + d in view of (8). For this purpose, we

consider the Lyapunov function V1i(ηi) = 1
2
η2
i . In view of (16), we can see that the derivative of

V1i(ηi) takes the piecewise linear form

V̇1i = ηiη̇i ≤


−1
ε
η2
i + |ηi|(|v| − |ri|), if ηi < v − ri & v̇ > 0,

or if ηi > v + ri & v̇ < 0,

0, if |v − ηi| < ri.

≤


− 1

2ε
η2
i , ∀ |ηi| ≥ 2ε(|v| − |ri|), if ηi < v − ri & v̇ > 0,

or if ηi > v + ri & v̇ < 0,

0, if |v − ηi| < ri.

(23)

The segment inequalities (23) imply that the internal dynamics (8) are bounded-input-bounded-

state stable.

3 Extended High-gain Observer-Based Control

As a step towards solving the control problem, in what follows, we will design an extended high-

gain observer to estimate the state vector e as well as the nonlinear and/or the unknown terms

included in Equation (7). We will then design a stabilizing controller that makes use of the

estimated information. As will be shown later, the estimation of the unknown functions is possible

since we will assume that these collectively constitute an extended state of the system. This helps

in mitigating any errors associated with the modeling process of the hysteresis and the modeling

of the exogenous input. The choice of utilizing the extended high-gain observer is motivated by

the fact that they can provide state estimates robustly and in relatively fast time. Furthermore,

high-gain observers are known to have the ability to recover the performance of any stabilizing

state-feedback controller [41], [42], [43], [44]. This property is beneficial in shaping the transient

performance of the closed-loop system.

3.1 State-feedback Controller

Our choice of utilizing a high-gain observer implies that the estimates of e and κ , a(e+ d, w) +

ψ(η) + ρ(t)− ˙dm will be provided in a relatively fast time. As a result, we can design a controller

as if this information is available for feedback. This leads to the feedback linearization control

u = −κ− k1e1 − k2e2 − · · · − kmem. (24)
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The closed-loop system is then given by

ė =Ace, (25)

εη̇i =Φri [e+ d− ηi](t), i = 1, 2, . . . , n, (26)

ẇ =f0(e+ d, w), (27)

where

Ac =



0 1 . . . . . . 0

0 0 1 . . . 0
...

...
...

. . .
...

0 0 . . . . . . 1

−k1 −k2 −k3 . . . −km


∈ Rm×m

and k1, k2, . . . , km are positive constants chosen so that Ac has desired eigenvalues. Because the

states and the disturbance are not available for feedback, we will utilize extended high-gain ob-

server to provide estimates of the missing information in (24). This is possible because of two

main features of the high-gain observer; namely, it is robust to modeling errors and relatively fast.

We will show next that these two features can be achieved by selecting the gain sufficiently high.

Thanks to this, the output feedback controller can recover the performance of the state feedback

controller.

3.2 Extended High-gain Observer-based Output Feedback Control

Consider the system (5)-(7), then an extended high-gain observer can be given as

˙̂e1 =ê2 +
α1

µ
(yt − ê1), (28)

˙̂e2 =ê3 +
α2

µ2
(yt − ê1), (29)

...

˙̂em =κ̂+ u+
αm
µm

(yt − ê1), (30)

˙̂κ =
αm+1

µm+1
(yt − ê1), (31)

where µ > 0 is a small parameter to be designed, yt is given by (10) and α1, α2, . . . , αm+1 are

chosen such that the polynomial sm+1 + α1s
m + α2s

m−1 + · · ·+ αm+1 = 0 is Hurwitz.

Let Ω ∈ R(m+n+q) be an arbitrarily large compact set that includes any given initial conditions

of the closed-loop system (25)-(27). Combining the observer (28)-(31) with the control (24) leads
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to the output-feedback control

u = Msat

(
−κ̂− k1e1 − k2ê2 − · · · − kmêm

M

)
, (32)

where sat(·) is the saturation function. The saturation is used to protect the system from peaking

in the observer’s transient response [45]. The saturation limits ±M are chosen to be outside of

the compact set Ω, according to

M > max
(e,ηi,i=1,2,...,n)∈Ω

| − κ− k1e1 − k2ê2 − · · · − kmêm|.

We will show later how one can practically choose the saturation limits. Notice that the output-

feedback controller (32) does not require the knowledge of the derivatives of d1. Then we now

have the following result, which is a special case of the result reported in [46].

Theorem 3.1 Consider the closed-loop system formed of the system (5)-(10), the observer

(28)-(31) and the controller (32). Let Assumption 2.1 hold. Furthermore, let S be a compact

subset of Rm+1 and Ω0 be a compact set in the interior of Ω. Then, for all initial conditions

(e(0), η1(0), η2(0)), . . . , ηn(0), w(0)) ∈ Ω0 and (ê(0), κ̂(0)) ∈ S,

• there exits µ∗1 > 0 such that for every 0 < µ ≤ µ∗1, the trajectories of the closed-loop system

are bounded for all t ≥ 0;

• given any λ1 > 0, there exits µ∗2 > 0, dependent on λ1, such that for every 0 < µ ≤ µ∗2,

||e(t)− er(t)|| ≤ λ1, ∀ t ≥ 0,

where er is the solution of the target system (25) with er(0) = e(0).

• given any λ2 > 0, there exits µ∗3 > 0 and T1 > 0, both dependent on λ2, such that for every

0 < µ ≤ µ∗3,

||e(t)|| ≤ λ2, ∀ t ≥ T1.

Proof: The proof of Theorem 3.1 follows closely the proof of Theorem 1 in [46]. Specifically,

in this paper, there are two special cases to consider relative to [46]. First, part of the internal

dynamics is the hysteresis model, which is based on a locally Lipschitz function and in view of

(23) is shown to be bounded-input-bounded-state stable. Second, the control input coefficient

is assumed to be known and constant. In fact, in this case, and without loss of generality, it is

assumed to be equal to 1.
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Consider now the closed-loop system (25)-(27). Given that Ac is Hurwitz by design, using

the Lyapunonv function V2(e) = eTP1e where P1 = P T
1 is the solution of the Lyapunov equation

P1Ac+AcP1 = −Q1, for some Q1 = QT
1 > 0, it is straight forward to show that the origin of (25) is

exponentially stable. Moreover, Assumption (2.1) and (23) guarantee that the internal dynamics

are bounded input-bounded-state stable when viewing e + d as input. Consider next the change

of variables

ξi =
ei − êi
µm+1−i , for 1 ≤ i ≤ m, (33)

ξm+1 = a(e+ d, w) + ψ(η) + ρ(t)− ḋm − κ̂

, ∆(e, d, w, η, t)− κ̂.
(34)

Let ξ = [ξ1, · · · , ξm+1]. Using the change of variables (33)-(34), it can be shown that we have the

fast dynamics

µξ̇ = Λξ + µB∆̇, (35)

where

Λ =



−α1 1 . . . . . . 0

−α2 0 1 . . . 0
...

...
...

. . .
...

−αm 0 . . . . . . 1

−αm+1 0 0 . . . 0


, B =


0

0
...

1

 ∈ R(m+1),

and ∆̇, which is the derivative of the function ∆ in (34), is a locally Lipschitz function bounded

by ||ξ||, uniformly of µ. Notice that Λ is a Hurwitz matrix by design.

It can be seen now that the closed-loop system (25)-(27) with the system (35) is in the standard

form following the literature related to the high-gain observer [46]. Accordingly, for sufficiently

small µ, it can be shown that ξ would be O(µ), i.e. order of µ, after a short transient period of

time. After this transient period, using Assumption 2.1 and (23) and the exponential stability of

the origin of (25), the closed-loop system trajectories and ξ can be shown to belong to a positively

invariant set establishing the boundedness of all the states. The second and third bullets can be

established by following regular perturbation analysis, continuous dependence of the solutions of

differential equations on initial conditions and parameters [[36], Theorem 9.1], and exponential

stability of the origin of (25). �

Remark 3.1 It is important to note that saturation is a standard tool used in conjunction
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with high-gain observers to guard the system from the negative effects of peaking [45]. In our case,

it will not affect stability due to two reasons:

1. The saturation is chosen so that it is only activated outside the domain of the states under

state-feedback control. We show in Section 4 how this can be done.

2. The saturation will only be activated for a relatively short period of time as the peaking only

happens due to the difference in initial conditions between the actual and estimated states.

During this period, all the system states will be bounded. This period of time will get shorter

as the observer parameter µ is chosen smaller. After this period, all the closed-loop system

states enter into a stable positively invariant set and stay thereafter.

Remark 3.2 In practical terms, the choice of µ∗1, µ
∗
2 and µ∗3, which are the upper limits of the

observer parameter µ, is typically made as a result of a trade off between achieving satisfactory

results, or small enough λ1 and λ2, and avoiding making the output feedback system too sensitive to

measurement noise and avoiding possible computational difficulties. Accordingly, the user typically

starts with a choice of 0 < µ < 1 that is not too small to start with and then keeps decreasing until

a satisfactory performance is achieved.

Remark 3.3 The second bullet shows that the tracking error trajectories under output feedback

can be made arbitrarily close to the trajectories of the target system (25) by choosing µ small

enough. The third bullet shows that the error trajectories are ultimately bounded, and the ultimate

bound ||e(t)|| can be made arbitrarily small by choosing µ small enough.

4 Simulation Example: Tracking Control of An Iron Pen-

dulum in a Magnetic Field

Consider a forced oscillation of a pendulum on an elastic-plastic element shown in Figure 2. This

system can be described as [37]

ẋ1 =x2, (36)

ẋ2 =− x1 − ψ(η) + sin(ωt) + u, (37)

ψ(η) =
n∑
i=1

piηi, (38)

εη̇i =Φri [x1 − ηi], (39)

y =x1, (40)
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Figure 2: An iron pendulum operating within a magnetic field with an exogenous force sin (ωt).

where sin(ωt) is exogenous signal with frequency ω. The function ψ(η) represents hysteresis as

described in Section 2.2, from which we also recall that pi, i = 1, 2, . . . , n, n > 0 and ε > 0 are

modeling parameters. We consider the problem of controlling the output y so that it asymptotically

tracks a reference signal d1, where it is assumed that d1, d2 ,
dd1
dt

and d3 ,
dd2
dt

to be bounded

for all t ≥ 0. The closed-loop system’s transient response is desired to have some predefined

characteristics such as particular settling time and percentage overshoot. Towards accomplishing

this objective, we consider the change of variables e = x− d, where e = [e1 e2]T , x = [x1 x2]T , and

d = [d1 d2]T . Using this change of variables, we get the tracking error dynamics

ė1 =e2, (41)

ė2 =− e1 − d1 − ψ(η) + sin(ωt)− d3 + u, (42)

εη̇i =Φri [e1 + d1 − ηi], (43)

yt =e1 = x1 − d1, (44)

where ψ(η) is given in (38) and yt is the measured tracking error. Considering the system (41)-

(44), the control problem can now be cast as how to design an output feedback controller to

asymptotically regulate e to zero while meeting certain requirements on the transient response.
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Define κ , sin(ωt)− ψ(η)− d1 − d3. Accordingly, the state-feedback control

u = −κ− k1e1 − k2e2. (45)

This, in turn, leads to the closed-loop system

ė =Ace, (46)

εη̇i =Φri [e1 − d1 − ηi], i = 1, 2, . . . , n, (47)

where Ac =

[
0 1

−1− k1 −k2

]
, and k1, k2 are positive constants chosen so that Ac have desired

eigenvalues. Notice that the matrix Ac in (46) is slightly different than that given in (25) because

the function a(x) = −x1 defined in (1) is known in this case.

Following the procedure outlined in Section 2, an output-feedback controller can be taken as

u = Msat

(
−κ̂− k1e1 − k2ê2

M

)
, (48)

where M sets the saturation bounds as defined in the previous section. This controller is to be

combined with the observer

˙̂e1 =ê2 +
α1

µ
(yt − ê1), (49)

˙̂e2 =− ê1 + κ̂+ u+
α2

µ2
(yt − ê1), (50)

˙̂κ =
α3

µ3
(yt − ê1), (51)

where µ > 0 is a small parameter to be designed, and α1, α2 and α3 are chosen such that the

polynomial s3 + α1s
2 + α2s+ α3 = 0 is Hurwitz.

We next provide simulation results to verify the effectiveness of the control system proposed

in the previous section. The system, controller and observer parameters are given by: ω =

2 rad/sec, ε = 0.1, n = 2, p1 = 0.8, p2 = 0.4, α1 = 6, α2 = 11, α3 = 6.

It is desired to achieve a damped transient response with a settling time less than 5 sec. This

is achieved if the closed-loop system (46) has eigenvalues -1 and -2. This, in turn, can be achieved

through a state-feedback control by selecting k1 = 1 and k2 = 3. The initial conditions are chosen

as: x1(0) = 0.5, x2(0) = 1, η1(0) = η2(0) = 0.25, ê1(0) = 2, ê2(0) = 1, κ̂(0) = 0.75. To determine

the appropriate saturation limits, we examined the maximum values for the control signal under-
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state feedback, which was found to be within ±5. So to not let the saturation affect the dynamics

of the system and guard only against peaking, we choose the saturation limits as M = ±50.

Figure 3 shows the output response of the closed-loop system in the case of state-feedback

control as well as the output-feedback control for different values of µ. It is clear from Figure 3

that the output-feedback control achieves the performance obtained under state-feedback control

as µ gets smaller or as the observer gets faster. Notice that when µ = 0.00001 the performances

under state- and output- feedback are almost indistinguishable. This shows that we can design

the state-feedback controller to achieve the desired transient performance and then we can recover

this performance using the observer-based controller by setting µ small enough. Figure 2 shows

the output response and the control effort when the desired reference signal is time changing.

Next, we examine the case when the the reference signal has a frequency of 10 rad/sec and

the hysteresis parameter is ε = 0.00001. This case represents a faster reference signal and a faster

hysteresis rate. To show that the control system can handle unknown system parameters, we

assume that the coefficient of x1 in (37), and hence e1 in (42), is unknown. This leads to the new

definition of κ as κ , sin(ωt)−ψ(η)− e1− d1− d3. Accordingly, the observer equation (50) needs

to be changed to
˙̂e2 = κ̂+ u+

α2

µ2
(yt − ê1), (52)

and to be used with (49), (51), and (48). To optimally choose the controller parameters, we

consider the Liner Quadratic Regulator (LQR) control law that minimizes J =
∫

(eTQe+Ru2)dt.

Using

A =

[
0 1

0 0

]
, B =

[
0

1

]
, Q =

[
1 0

0 1

]
, R = 1

and the Matlab command lqr (A,B,Q,R), we get k1 = 1 and k2 = 1.7321. This results in the

closed-loop eigenvalues −0.866± i0.5. Notice that because we are assuming that e1 is unknown in

(42), the closed-loop matrix in (46) is given by

Ac =

[
0 1

−k1 −k2

]
.

After examining the state-feedback control performance, the saturation limits were chosen to be

±150. The simulation results of this case are shown in Figures 5 and 6. Figure 5 shows the

effectiveness of the output feedback controller and the control effort while Figure 6 shows the

effectiveness of the high-gain observer.

The control action, expressed in equation (32) or (48), is essentially in the form of proportional
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and derivative (PD) control. This feedback-linearization PD control strategy is implemented with

a high-gain observer leading to an output feedback control. This implies that by appropriately

choosing the controller parameters we can add damping to the system and enhance its response

speed. This observation is realizable by making the observer parameter µ sufficiently small as

shown in Figure 3.

0 5 10 15 20

Time (s)

0

0.2

0.4

0.6

0.8

1

 

Figure 3: Output response both under state-feedback and output-feedback for different values of
µ.

5 Application to a Piezoelectric Actuator

The extended high-gain observer-based feedback is proposed in this section to control a piezo-

electric actuator. This section includes experimental setup, system modeling, control design, and

experimental results. This actuator shows rate-dependent hysteresis, creep effects, and oscillations.

5.1 The actuator and the experimental setup

The piezoelectric actuator, displayed in Figure (7-a) and called piezotube, has a cylinder shape

with internal hole. It has four external electrodes and one internal electrode for electrical ground.
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Figure 4: Output response and the control effort when the hysteresis parameter ε = 0.1.

According to which of the four external electrodes are subjected to electrical potential (voltage),

the piezotube bends along the x-axis or along the y-axis. On the other hand, if all the four

external electrodes receive the same electrical potential, the actuator expands along its axis (z-

axis). A piezotube actuator can therefore perform x-y-z movement. Piezotubes are classically used

in precise positioning applications such as atomic force microscopes for images scanning [47] and

positioners for micro- and nano-manipulation [48]. In fact piezotubes can provide high resolution

(down to nanometers) and large bandwidth (up to hundreds of Hertz).

In this section we test the proposed high-gain observer-based output feedback control in the

direction of y-axis. The experimental setup is displayed in Figure (7-b) and is composed of:

• the Piezotube micropositioning actuator: the actuator itself, referenced as PT 230.94

which has 30mm of length and 3.2 mm of external diameter. The internal hole of the

piezotube has 2.2 mm of diameter. The piezotube can be driven with a voltage u up to
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Figure 5: Output response and the control effort when the frequency of the reference signal is 10
rad/s and the hysteresis parameter ε = 0.00001 and the observer parameter µ = 0.00001.

±200 V but we limit in this paper the operating range to ±150 V because of the limitation

of the voltage amplifier. Meanwhile, the input range of ±150V is sufficient to observe the

hysteresis of the actuator and to analysis the controller performances proposed in this paper.

• Sensor: an inductive sensor with its probe is placed in front of the tip of the piezotube to

measure its y displacement. The sensor is the ECL202 and can provide 30 nm of resolution

with a bandwidth of 15 kHz.

• Data acquisition: a computer with Matlab-Simulink in which the driving voltage u is

generated, the measurement y is acquired and the controllers are implemented. A dSPACE

acquisition board (dS1103) serves as converters between the numerical signals in the com-

puter and the analogical signals from and to the piezotube actuator.
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Figure 6: The estimation error e1 − ê1 when the frequency of the reference signal is 10 rad/s and
the hysteresis parameter ε = 0.00001 and the observer parameter µ = 0.00001.

• amplifier: a high-voltage (HV) amplifier that amplifies by 20 times the voltage from the

computer-dSPACE board, limited to ±10 V.

5.2 Actuator dynamics

In order to obtain the piezotube actuator dynamics, first we apply a sinusoidal input (driving)

voltage. An amplitude of 150 V has been used at different excitation frequencies between 0.1 Hz

and 200 Hz. Figure 8 shows the obtained displacement versus the input voltage over different

excitation frequencies. Beyond the hysteresis nonlinearity property and the fact that its shape

changes versus the frequency (rate-dependency), it shows that the range of displacement is about

±30 µm for a voltage of ±150 V, i.e. the gain is 5[µm
V

]. Such a gain is high and thus interesting

when comparing to other piezoelectric cantilevered actuators devoted to precise positioning tasks

[2]. Then, we apply a step input voltage of 150 V to the piezotube. The measured output

displacement is depicted in Figure 9, which clearly shows the badly damped oscillations property.

A quick identification shows that the first resonant frequency is of 776Hz and the settling time
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Figure 7: (a) the piezotube actuator used in the experiment, and (b) the experimental setup.

is approximately 19 ms. Moreover, the response shows a low-rate drift (can be seen at 0.1 Hz in

Figure 8). This drift is called creep phenomenon and is typical for piezoelectric actuators. Similar

to hysteresis, the creep phenomenon introduces precision loss in the tasks to be carried out and

should therefore be controlled.

In this section we consider the following system to model the nonlinear dynamics of the piezo-

tube actuator

ẋ1 = x2 (53)

ẋ2 = −a2x2 − a1x1 + P(u, η) + ξ, (54)

where ξ(t) represents bounded unknown disturbances and unmodelled dynamics, P(u, η) = p0u+∑n
i=1 piηi, εη̇i = Φri [u−ηi], and y(t) = x1(t). It is important to mention that we consider uncertain

hysteresis and creep nonlinearities with second order system to present the oscillations of the
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Figure 8: Measured hysteresis loops of the piezoelectric cantilever actuator under a sinusoidal
voltage with 150V of amplitude at 0.1 Hz, 1 Hz, 50 Hz, 100 Hz, and 200 Hz.

piezotube actuator. Notice that the hysteresis model in this case depends on u. The parameters

of the model are a1 = 23903519, a2 = 293, and p0 = 2511930. More details about the system

(53)-(54) can be found in [21] and [49].

5.3 Output-feedback Controller

Following the procedure outlined in Section 3.2, an extended high-gain observer can be designed

in the form of

˙̂e1 =ê2 +
α1

µ
(yt − ê1) (55)

˙̂e2 =− a1ê1 − a2ê2 + κ̂+ p0u+
α2

µ2
(yt − ê1) (56)

˙̂κ =
α3

µ3
(yt − ê1), (57)

where yt = e1 = y − d1 and d1 is the desired input. The observer parameters are chosen to be

α1 = 6, α2 = 11, α3 = 6, and µ = 0.00001. It is important to note here that κ̂ now provides an
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Figure 9: Step response of the actuator with 150V of input voltage.

estimate of
∑n

i=1 piηi − a1d1 − a2d2 − d3, where d2 and d3 are the first and second derivatives of

d1, respectively. The estimates from (55)-(57) will then be used in

u =
M

p0

sat

(
−κ̂− k1e1 − k2ê2

M

)
. (58)

The saturation level is chosen to be M = ±500 to be sure that it will not saturate the experimental

driving voltage and thus create unwanted oscillations. The controller gains are chosen as k1 =

900000000, k2 = 0. These gains were chosen as initial setting, however they can be tuned afterwards

for better performances of the closed-loop if required. The output-feedback controller is afterwards

applied to the experimental piezotube actuator.

First a series of step input as reference yref is applied to the closed-loop which includes the

piezotube actuator. Figure 10 presents the results where the output y is compared with the desired

displacement yref . As we can observe, the output tracks the input reference and no creep (drift)

appears in the output displacement and the oscillations are damped. Then, a varying input desired

displacement is applied to verify tracking performance with a different desired input displacement.

Figure 11-a displays the results when the desired displacement varies between −30µm to 30µm.

Figure 11-b shows the tracking error and the which the root-mean-square of the tracking error is

0.326µm.
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Figure 10: (a) Comparison between the desired step displacement and output displacement with
proposed control signal (58), (b) the control signal of the proposed technique in (58).
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Figure 11: Tracking performance of the proposed control system (54) with a varying signal: (a)
comparison between the desired and output displacement with the proposed control (58), (b)
tracking error of (a).

The time domain performances of the closed-loop with the proposed controller (58) is analyzed

through a step response (desired displacement). Figure 12 shows the measured step response and

the simulated step response when a desired displacement of 30µm is applied. In order to compare

the performances of the proposed controller (58) with those in the literature, we considered the

feedforward-feedback controller of the same piezotube actuator that is recently proposed in [50].

In [50], the hysteresis is compensated with the inverse rate-dependent Prandtl-Ishlinskii hysteresis

compensator and a Reference Signal Tracking structured designed with interval techniques. As

depicted in Figure 12, the proposed closed-loop technique has better response time than the closed-

loop control in [50]. The proposed controller exploits the internal dynamics of the actuator (state

estimation) and this allows to perform better dynamics in the closed-loop systems.

Then a harmonic analysis is performed. A sinusoidal shaped desired displacement yref with an

amplitude of 30µm and an excitation frequency between ≈ 1.5Hz (10 rad
s

) and 1.7KHz (10681 rad
s

)

is used. Figure 13 illustrates the resulting magnitude, the magnitude of the open-loop, and

the magnitude of the closed-loop with the feedforward-feedback controller in [50]. The results
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Figure 12: (a) Comparison between step desired displacement and output displacement with the
proposed inversion-free control signal (58) and inversion-based control technique in [50], (b) the
control signal of the proposed technique in (58).
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Figure 13: The frequency responses of the piezotube actuator with and without control system
and with inversion-based control technique in [50].

show that the resonance at 776Hz (4880 rad
s

) is damped by the two closed-loop control systems

(the proposed extended high-gain observer-based control and the feedforward-feedback controller).

However, the proposed extended high-gain observer-based control approach shows a higher band-

width.

As mentioned in Section 4, the control action is designed based on feedback linearization and

takes the form of proportional-derivative (PD) control. The role of the high-gain observer is to

implement this strategy based only on feedback of the output. So by appropriately choosing the

controller parameters we can add damping to the system and enhance its response speed. This

is exactly what we observe in Figure 12. Moreover, the controller in this case can add more

bandwidth to the system as shown in Figure 13. This is possible thanks to the high-gain nature

of the observer which can recover the performance of the state-feedback controller by making the

observer gain sufficiently high.
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6 Conclusions

We show that, for motion systems with uncertain hysteresis as in the case of an iron pendulum in

a magnetic field and piezoceramic micro-positioing actuator, it is possible to follow an extended

high-gain observer-based approach to solve the output feedback tracking problem. In this way,

one can first design a feedback linearzing control, assuming that all the states and the model

information are available, to shape the transient response of the closed-loop system. An extended

high-gain observer can then be utilized to provide the missing information in a relatively fast time.

As a result, it is possible for the output feedback controller to robustly recover the performance

of the state feedback controller. It is important to mention that the proposed feedback controller

of this study assumes uncertain hysteresis nonlinearities and partially known linear dynamics.
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