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Smart Micro-Positioning Systems with the Inverse
Prandtl-Ishlinskii Compensator
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Abstract—A formula that characterizes the output of the inverse compensation is derived when the inverse Prandtl-Ishlinskii
hysteresis model is applied as a feedforward compensator. For
that the composition property as well as the initial loading curve
of the Prandtl-Ishlinskii model are used to obtain this formula.
We demonstrate therefore that the output of the feedforward
controlled system is linear versus the input reference with an
additional nonlinear and bounded term. To illustrate the interest
of this theoretical result, we propose an experimental application
with a piezoelectric actuator. First, we apply the PrandtlIshlinskii feedforward technique to control the piezoelectric
actuator. Then, the formula of the previous theoretical result is
used to construct an H∞ feedback control from the feedforward
controlled actuator. The experimental results demonstrate the
efficiency of the calculated controller and therefore the benefits
of the formula concerning the output of the inverse compensation.
Index Terms—Prandtl-Ishlinskii model, feedforward control,
inverse model, feedforward-feedback control, H∞ synthesis,
piezoelectric actuator.

I. I NTRODUCTION
Mart material-based actuators are becoming increasingly
more popular for different micro- and nano-positioning
applications such as observing and manipulating objects at micro and nano scale levels, see for example [1]–[3], and design
high precision positioning systems, see for example [4]–[7].
However, these actuators exhibit hysteresis nonlinearities associated with oscillations in the open-loop systems responses,
poor tracking performance and potential instabilities in the
closed-loop system [8]–[10]. Different hysteresis models have
been proposed to characterize the hysteresis nonlinearities in
smart micro-positioning actuators. These models include the
Preisach model [8], [11], the Prandtl-Ishlinskii model [1],
[12]–[16], the Maxwell-Slip model [17], [18], the Bouc-Wen
model [19], [20], and the Duhem model [21].
In order to enhance the tracking performance of hysteretic
systems, considerable efforts have been made towards the
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design of control methods for compensating the hysteresis
effects. These strategies can be classified into inverse-based
hysteresis compensation methods and model-based hysteresis
compensation methods. The inverse-based hysteresis compensation methods generally employ a cascade of a hysteresis
model and its inverse together with a controller. These methods
however necessitate an inverse formulation for the hysteresis
model, which is often a challenging task [8]. On the other
hand, the model-based hysteresis compensation methods employ the hysteresis model to design nonlinear controllers in
order to compensate for the actuator hysteresis. These methods
incorporate hybrid control [22], adaptive control [23], and
energy-based [24] control, robust control [25], [26] or simple
structured control such as PID [27]–[29].
The Prandtl-Ishlinskii model has been widely used for modeling and compensation of hysteresis nonlinearities in smart
micro-positioning actuators, see for example [1], [9], [12],
[16], [35]. Different studies show that the parameters of the
Prandtl-Ishlinskii model can be easily identified and the model
can be implemented with few play operators. Furthermore, the
inverse Prandtl-Ishlinskii model that is used as a feedforward
compensator is exact and can be obtained analytically. This
makes the Prandtl-Ishlinskii model convenient for different
real-time micro-and nano-positioning applications [1]. Owing
to the characterization errors between the output of the PrandtlIshlinskii model and the measured output displacement of
the smart micro-positioning actuator, the formulated inverse
model is not exact and yields compensation errors in real-time
applications.
However, it is shown that one of the main sources of the
compensation errors when the inverse Prandtl-Ishlinskii model
is used as a feedforward compensator is the inexactitude of the
hysteresis model [30].
In a number of micro-and nano-positioning applications, the
smart material-based actuators are coupled with a plant (dynamic system). In order to reduce the tracking errors between
the reference input and the output of the plant, different studies
proposed closed-loop control systems that consist of an inverse
hysteresis model and a linear control method, see for example
[3], [10], [31], [32]. The output of the inverse compensation,
which is the output of the smart micro-positioning actuator in
the presence of the inverse hysteresis model, is considered as
an input signal to the plant. This signal can not be measured
in a number of applications. Consequently, it is important to
derive a mathematical formula that characterizes the output of
the inverse compensation.
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In this paper, a formula that characterizes the output of the
inverse compensation when the inverse hysteresis model is
used as a feedforward compensator is derived analytically. This
formula facilitates employing model-based control methods
along with inverse-based control methods in order to enhance
the tracking performance of the smart micro-positioning actuators.
Consider Figure 1 where the input-output relationship of
the smart micro-positioning actuator is a hysteresis modelled
with the Prandtl-Ishlinskii technique and the inverse PrandtlIshlinskii model implemented in cascade is a hysteresis compensator (feedforward controller). It is important to note
that the inverse Prandtl-Ishlinskii model is another PrandtlIshlinskii model. In general, the smart micropositioning actuator is presented by a Hammerstein system consisting of
the Prandtl-Ishlinskii model cascaded with linear dynamics. In
Figure 1, the output x is measured, while the measurements
of the output y is not available.
The motivation of this paper is the need of analytical
formula which describes the output of the inverse compensation when the inverse Prandtl-Ishlinskii model is used as a
feedforward compensator. Due to the characterization errors of
the model and uncertainties, the output of the inverse compensation yields compensation errors. Such formula can be used in
closed-loop with feedback and feedforward control systems to
enhance the performance of smart micro-positioning actuators
in presence of model uncertainties.
Inverse
Hysteresis
Model

Hysteresis of Smart
Micro-Positioning
Actuator

Linear
Dynamics

Fig. 1. Open-loop control system with hysteretic smart micro-positioning
actuator presented by a Hammerstein system consists of the Prandtl-Ishlinskii
model cascaded with linear dynamics. y is the output of the inverse compensation, u is the command input, and v is the reference input.

The contributions of the paper include the derivation of a
formula that describes the output of the inverse compensation,
y (v(t), t), when the inverse Prandtl-Ishlinskii model, that
is used as a feedforward compensator, is not exact. With
this formula the error of the inverse compensation ǫ(t) =
v(t) − y (v(t), t) can be obtained analytically. Experimental
results demonstrate the efficiency of the approach by using
the formula to construct an H∞ linear feedback controller for
a piezoelectric actuator.
The remainder of this paper is organized as follows. In
Section II, we recall the Prandtl-Ishlinskii hysteresis model,
the composition of two Prandtl-Ishlinskii models, the inverse
Prandtl-Ishlinskii model, and the stop hysteresis operator.
Section III states the main theoretical contribution of the study.
In this section, the formula that characterizes the output of
the inverse compensation is derived analytically. With this
formula, the error of the inverse compensation is formulated.
In Section IV, we represent the theoretical results of Section
III with the threshold-discrete Prandtl-Ishlinskii model to
calculate the thresholds and weights of the inverse thresholddiscrete Prandtl-Ishlinskii model. In Section IV, we give an
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experimental case where the formula is used to synthesize an
H∞ controller that is used to control a piezoelectric actuator
in closed-loop control system. Conclusions of the paper are
presented in Section VI.
II. T HE P RANDTL -I SHLINSKII M ODEL AND ITS I NVERSE
C ONSIDERING THE I NITIAL L OADING C URVE
The Prandtl-Ishlinskii model and its inverse are presented
in this section considering the initial loading curve and its
inverse. This section is essential to derive a formula that can
characterize the output of the inverse compensation.
A. The Prandtl-Ishlinskii model
The Prandtl-Ishlinskii model is based on the concept of a
one-parameter family (Fr )r>0 of play operators parameterized
by the threshold r. Recall that for an input function u which is
monotone (non-decreasing or non-increasing) in each interval
[ti−1 , ti ] of a partition 0 = t0 < · · · < tm = T and for a given
threshold r > 0, the output of play operator Fr is defined by
the formula
Fr [u](t) = max(u(t) − r, min(u(t) + r, Fr [u](ti−1 ))) (1)
with initial condition Fr [u](0) = max(u(0) − r,min(u(0) +
r, 0)). The definition can be extended to the whole space
C[0, T ] of continuous functions on [0, T ] by a density argument as in [33]. For a given input u(t) ∈ C[0, T ], the output
of the Prandtl-Ishlinskii model can be expressed as
Z ∞
p(r)Fr [u](t)dr,
(2)
P[u](t) = p0 u(t) +
0

where p0 is a positive constant and p(r) is an integrable density
function that vanishes for large values of r. It is reasonable to
assume that there exists a constant R such that p(r) = 0 for
r > R. The density function p(r) is usually defined based on
the experimental data [30].
The Prandtl-Ishlinskii model can be re-expressed as
Z R
′
P[u](t) = φ (0)u(t) +
φ′′ (r)Fr [u](t)dr,
(3)
0

where φ(r) is the initial loading curve which is described as
the stress-strain curve under increasing load, from r = 0 to
r = R. The initial loading curve is defined for the thresholds
r > 0 as [33]
Z r
p(τ )(r − τ )dτ.
(4)
φ(r) = p0 r +
0

′′

Then p(r) = φ (r) and p0 = φ′ (0). We denote the PrandtlIshlinskii model P constructed with the initial loading curve
φ as Pφ and the output of the model as y(t) = Pφ [u](t).

B. Composition Property of the Prandtl-Ishlinskii model
In this section we present the composition property of the
Prandtl-Ishlinskii model. This property has been formulated
by Pavel Krejčı́ in [34]. The composition property states that
when the output u of the Prandtl-Ishlinskii model Pσ [v](t),
such that u = Pσ [v](t), constructed with initial loading curve
σ, is applied as an input to the Prandtl-Ishlinskii model Pρ
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constructed with the initial loading curve ρ, the composition
Pρ ◦ Pσ can also be characterized by the Prandtl-Ishlinskii
model Pλ , where λ(r) = ρ ◦ σ(r). Analytically
Pλ [v](t) = Pρ ◦ Pσ [v](t).

(5)

Then,
Pλ [v](t) = λ′ (0)v(t) +

Z

R

λ′′ (r)Fr [v](t)dr ,

(6)

0

where λ′′ (r) is a density function and λ′ (0) is a positive
constant.
(a)

(b)

C. The inverse Prandtl-Ishlinskii model
We use the initial loading curve concept and the composition property of the Prandtl-Ishlinskii model presented in the
previous section to present the inverse Prandtl-Ishlinskii model
P −1 with the initial loading curve. To obtain the exact inverse
for the Prandtl-Ishlinskii model, the output of the inverse
compensation (see Figure 2) should yield

where Er [u](0) = min(r, max(−r, u(0))). From (17), it can
be concluded

Pφ ◦ P −1 [v](t) = v(t),

Fr [u](t) + Er [u](t) = u(t).

(7)

where
P −1 [v](t) = ψ ′ (0)v(t) +

Z

Z

ψ ′′ (z)Fz [v](t)dz ,

(8)

0

where z is the positive threshold and ψ is an initial loading
curve. Let
Z z
g(τ )(z − τ )dτ
(9)
ψ(z) = g0 z +
0

and P −1 [v](t) = Pψ [v](t). Since Pφ ◦ Pψ = Pψ◦φ , we
conclude Pψ◦φ [v](t) = v(t). Then
Z R
′
Pψ◦φ [v](t) = η (0)v(t) +
η ′′ (r)Fr [v](t)dr ,
(10)
0

where η(r) = ψ ◦ φ(r). To obtain exact inversion, the initial
loading curve η should satisfy
η ′′ (r)
′

η (0)
η(0)

Fig. 2. (a) Hysteresis loops of the Prandtl-Ishlinskii model Pφ (solid) and
initial loading curve φ (dashed line). (b) Hysteresis loops given by the inverse
Prandtl-Ishlinskii model P −1 (solid line) and the initial loading curve ψ
(dashed line).

=

0

(11)

=
=

1
0.

(12)
(13)

We can conclude
η(r)

=

r

(14)

z
ψ

=
=

φ(r)
φ−1 .

(15)
(16)

The initial loading curve φ of the Prandtl-Ishlinskii model Pφ
is convex, while the initial loading ψ of the inverse hysteresis
model Pψ is concave. It is important to mention that the
Prandtl-Ishlinskii model is rate-independent model. Then, the
inverse Prandtl-Ishlinskii model is a rate-independent feedforward compensator.
D. The stop operator
The output Er of a stop operator is defined as [33]
Er [u](t) = min(r, max(−r, u(t) − u(0) + Er [v](ti ))) (17)

(18)

The output of the stop operator is bounded by the threshold
r. Analytically
− r ≤ Er [u](t) ≤ r.
(19)
The stop operator is used in Section III-B to study the
boundedness of the error of the inverse compensation when
the inverse Prandtl-Ishlinskii model is used as a feedforward
compensator.
III. A F ORMULA FOR THE O UTPUT OF THE I NVERSE
C OMPENSATION
Owing to characterization errors between the PrandtlIshlinskii model and the measured hysteresis loops, the formulated inverse Prandtl-Ishlinskii model yields compensation
errors when used in the experiment as a feedforward compensator. Consequently, we assume that the identified model
is an estimated model P̂. Then, the formulated inverse is
an estimated inverse hysteresis model P̂ −1 . In this section,
we analytically derive the output of the inverse compensation
P ◦ P̂ −1 when the inverse estimated Prandtl-Ishlinskii model
P̂ −1 is applied as feedforward controller to the real hysteresis
P which was approximated by the model P̂.
A. Analytical expression for P ◦ P̂ −1
The output of the inverse compensation P ◦ P̂ −1 can be
expressed as
Pφ ◦ Pψ [v](t) = Pφ◦ψ [v](t).

(20)

Pφ◦ψ [v](t) = Pη [v](t),

(21)

Let
then
Pφ ◦ Pψ [v](t) = p0η v(t) +

Z

R

pη (r)Fr [v](t)dr,
0

(22)
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therefore

then

P ◦ P̂ −1 [v](t) = p0η v(t) +

Z

R

pη (r)Fr [v](t)dr,

Pφ ◦ Pψ [v](t) = ρv(t) −

(23)

0

where pη (r) = η ′′ (r) and p0η = η ′ (0). It is noted that
the input-output relationship between the input v and the
output of the inverse compensation P ◦ P̂ −1 [v] of the PrandtlIshlinskii model yields clockwise and counter-clockwise hysteresis loops. The density function of the inverse compensation
P ◦ P̂ −1 [v] is pη (r). For pη (r) < 0, the output P ◦ P̂ −1 [v]
yields concave initial loading curve, and for pη (r) > 0, the
output P ◦ P̂ −1 [v] yields convex initial loading curve. Concave initial loading curve yields clockwise hysteresis loops,
while convex initial loading curve yields counter-clockwise
hysteresis loops. Figure 3 shows the output of the inverse
compensation for P ◦ P̂ −1 for convex and concave initial
loading curves.

where ρ = p0η +

RR
0

Z

R

pη (r)Er [v](t)dr,

(26)

0

pη (r)dr. It follows from (26),

Pφ ◦ Pψ [v](t) = ρv(t) + Ξ(t),
where
Ξ(t) = −
Then,

Z

ξ≤|

(27)

R

pη (r)Er [v](t)dr.

(28)

0

Z

R

rpη (r)dr|.

(29)

0

C. The error of the inverse compensation
The error of the inverse compensation with the inverse
Prandtl-Ishlinskii model can be expressed as
ǫ(t) = v(t) − P ◦ P̂ −1 [v](t),

(30)

then


ǫ(t) = v(t) 1 − p0η −
and
ǫ(t) = v(t) 1−p0η −
Then
(a)

Z

Fig. 3. The output of the inverse compensation for
η(r), (b) concave η(r).

with (a) convex

and

R

pη (r)Fr [v](t)dr

0


pη (r) +


ǫ(t) = v(t) 1 − ρ +

Z

Z

R

pη (r)Er [v](t)dr. (32)
0

R

pη (r)Er [v](t)dr

A number of studies have assumed that the output of the
inverse compensation can be decomposed into two terms.
The first term describes a linear reversible term, while the
second term is assumed to be bounded, see for example [31].
Analytically
N ◦ N̂ −1 [v](t) = ρv(t) + Ω(t)

(24)

where N is a hysteresis model, N̂ −1 is the inverse of the
estimated hysteresis model N̂ , ρ is a positive constant, and
Ω(t) is a nonlinear term bounded by a positive constant,
|Ω(t)| ≤ ξ, where ξ is positive constant.
It is reasonable to assume that the parameters ρ and Ω(t)
depend on the parameters of the model N and of its estimated
inverse N̂ −1 . In this section we use the analytical formulation
for the output of the inverse compensation to show that
the assumption (24) is true for the output of the inverse
compensation P ◦ P̂ −1 . Furthermore, we identify ρ and Ω(t)
when N = Pφ .
Using Equation (18), we conclude
Z R

pη (r) v(t)−Er [v](t) dr, (25)
Pφ ◦Pψ [v](t) = p0η v(t)+
0

(33)

0


ǫ(t) = v(t) 1 − ρ − Ξ[v](t).

B. Boundedness

(31)

0

R

(b)
P ◦ P̂ −1

Z

(34)

Using Equations (27) and (28), we conclude that the error of
the inverse compensation with the inverse Prandtl-Ishlinskii
model can be expressed by a linear reversible term and a
nonlinear bounded term.
IV. T HRESHOLD -D ISCRETE A NALYSIS
Remind that we denote with r the threshold parameter and
p the weighting parameter of the Prandtl-Ishlinskii model.
On the other hand, z is the threshold parameter and g the
weighting parameter of the inverse model.
A. The threshold-discrete Prandtl-Ishlinskii model and its
inverse
The output of the Prandtl-Ishlinskii model has to be expressed with the thresholds 0 = r0 ≤ r1 · · · ≤ rN ≤ rN +1 =
R as
y = Pφ [u](t) = p0 u +

N
X

p(rj )Frj [u](t)∆rj ,

(35)

j=1

where N is the number of the play operators Frj , p(rj ) are
positive weights. In discrete form, the initial loading curve (4)
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the discrete form as

can be expressed as
φ(rj ) = p0 r +

j
X

p(ri )(rj − ri )∆ri ,

P ◦ P̂ −1 [v](t) = p0η v(t) +

(36)

j
X

φ′ (rj ) = p0 +

p(ri )∆ri .

(37)

Pφ ◦ Pψ [v](t) = ρv(t) −

In a similar manner, for 0 = z0 ≤ z1 · · · ≤ zN ≤ zN +1 =
N
X

g(zi )Fzi [v](t)∆zj ,

ψ(zj ) = g0 zj +

and
g(zi )∆zi .

(40)

i=1

zj − zj−1 = (p0 +

p(ri )∆ri )(rj − rj−1 )

(41)

g0 +

j
X

g(zi )∆zi =

i=1

We can write

p0 +

i=1

p(ri )∆ri

.

(42)

(p0 +

j
P

p(ri )∆ri )(p0 +

i=1

zj − zj−1 = p0 +

j−1
P

pi (rj − rj−1 )

pj
(p0 +

j
P

i=1

pi )(p0 +

(50)

Let p∗ηj = pηj ∆rj and rj = rmax ̺j , where ̺j ≤ 1 are positive
constants, then


|ǫ(t)| ≤ |v(t) 1 − ρ | + rmax |
and

N
X

p∗ηj ̺j |.

(51)

j=1

N
X

p∗ηj ̺j |,
|ǫ(t)| ≤ |v(t) 1 − ρ | + rmax |

where

N
X

p(ri )∆ri ).

(44)

i=1

and

(49)

(52)

j−1
P

(53)

Then we conclude

(43)
Let pj = p(rj )∆rj and gj = g(rj )∆rj , then we conclude

gj = −

N
X

pηj rj ∆rj |.
|ǫ(t)| ≤ |v(t) 1 − ρ | + |

i=1

j−1
X

pηj Erj [v](t)∆rj |

j=1

pηmax = max{|p∗ηj |}.

p(rj )∆rj

g(zj )∆zj = −

N
X

j=1

1
Pj

(48)

j=1

i=1

and



(39)

To obtain the parameters of the inverse, for z ∈ [zj , zj+1 ),
d
d
(ψ ◦ φ(r)) = dr
r. Then
where j = 0, · · · , N , we use dr
φ′ (r)ψ ′ (z) = 1, where zj = φ(rj ). We can write
j−1
X

(47)

j=1

|ǫ(t)| ≤ |v(t) 1 − ρ | + |
g(zi )(zj − zi )∆zi

j
X

ψ ′ (zj ) = g0 +

N
 X
pηj Erj [v](t)∆rj
ǫ(t) = v(t) 1 − ρ +

Then

i=1

and

pηj Erj [v](t)∆rj .

The error of the inverse compensation can be expressed as

(38)

i=1

j
X

N
X
j=1

Z,

where ∆zj = zj+1 − zj and

(46)

That is, when using the stop operator,

i=1

u = Pψ [v](t) = g0 v +

pηj Frj [v](t)∆rj .

j=1

i=1

and

N
X

(45)
pi ).

i=1

pηj ̺j ≤ pη max

j=1

Since

N
X
|p∗ηj |
̺j .
p
j=1 η max

|p∗ηj |
τj ≤ 1
pη max

(54)

(55)

we conclude

|ǫ(t)| ≤ |v(t) 1 − ρ | + N rmax pηmax .

(56)

It is important to mention that the boundedness of the
nonlinear term in inverse compensation error was concluded
in [36]–[38] for approximate hysteresis compensation.

B. Threshold-discrete inverse compensation output

C. Numerical example

This section presents the output and the error of the inverse
compensation in discrete forms with a numerical example. In
[37] and [38], the error of the inverse compensation for the
discrete-threshold Prandtl-Ishlinskii model is presented with
a linear term and a bounded nonlinear term for approximate
hysteresis compensation.
The output of the inverse compensation can be written in

In this section, we present a numerical example to show
the capability of formula (46) to characterize the output of
the compensation. We use P with the weights of pi =
{0.1, 0.0461, 0.069, 0.1029, 0.1535, 0.2291, 0.3417, 0.5098,
0.7605, 1.1345, 1.6925} and the thresholds of ri = {0, 4,
8, 12, 16, 20, 24, 28, 32, 36, 40}. The parameters of the
inverse P −1 has been calculated and provide: zi = {0, 0.4,
0.985, 1.85, 3.19, 5.00, 7.81, 11.98, 18.18, 27.44, 41.228 }
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V. E XPERIMENTAL CASE : APPLICATIONS TO A
PIEZOELECTRIC ACTUATOR (PEA)
A. Presentation of the setup
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Piezoelectric cantilevered actuators are widely used as precise manipulators in micromanipulation and microassembly of
small objects [39], as actuators in miniaturized bio-inspired
robots [40], as scanners in atomic force microscopy (AFM)
[41], or also as actuators in micromirror orientation [42],
[43]. Owing to the high-resolution positioning (in the order
of nanometer-scale), the high-bandwidth output, and the highstiffness, PEAs are very recognized in these various microand nano-positioning applications. However, these actuators
show strong hysteresis nonlinearities. In this section, we used
a piezoelectric actuator (PEA) with a cantilevered structure for
the experiment.
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Fig. 4. Numerical example: (a) The output y of Prandtl-Ishlinskii model
P[u] (dotted line) and the output u of the inverse estimated model P̂ −1 [v]
(solid line), (b) The output of the inverse compensation y = P ◦ P̂ −1 [v] when
the inverse estimated model P̂ −1 [v] is applied as feedforward compensator
for the hysteresis nonlinearity of P[u], (c) comparison between the initial
loading curve η(r) obtained by (57) (solid line), and the initial loading curve
of (58) (dashed line), and (d) the weights pηi of (58).
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displacement
sensor

piezoelectric
actuator

support

Fig. 5. (a) piezoelectric cantilevered actuator, and (b) the experimental setup.

and gi = {10, −3.16, −2.19, −1.5, −1.02, −0.69, −0.47,
−0.31, −0.21, −0.143, −0.10}, which are the thresholds and
the weights respectively. In order to estimate errors, instead of
using the exact inverse P −1 , we will use an estimated inverse
Prandtl-Ishlinskii model P̂ −1 = 1.29P −1 with g0 = 10.1. The
initial loading curve η(r) of P ◦ P̂ −1 is characterized as
η(r) = −0.0016r3 + 0.087r2 + 2.2r + 2.5

(57)

and
y(t) = P ◦ P̂ −1 [v](t) = 2.2v(t) +

10
X

pηi Fri [v](t).

(58)

i=1

The weights of the nonlinear term include pηi > 0 for i =
{0, 1, 2, 3, 4}, pη5 = 0, and pηi < 0 for i = {6, 7, 8, 9, 10}.
Figure 4 shows the simulation results. It can be noted that
nonlinear concave-convex initial loading curve η(r) yields
counter-clockwise and clockwise hysteresis loops in the output
of the inverse compensation y(t). That is due to the positive
and negative weights of the output of the inverse compensation.

The principle scheme of the PEA is depicted in Figure
5-a. This actuator is made of lead zirconate titanate (PZT)
ceramics. The experimental setup is presented in Figure 5-b
and is composed of:
• the piezoelectric cantilevered actuator (PEA) having total
and active dimensions (active length × width × thickness) of: 15mm ×2mm ×2mm,
• an optical displacement sensor is used to measure
the bending of the PEA. The sensor (LC2420 from
K EYENCE) has a resolution of 10nm and a bandwidth
up to 20kHz. However, a large bandwidth yields a noisy
signal that is not convenient for this experiment and
example. We have therefore tuned the sensor’s bandwidth
to be 4900Hz,
• a computer with M ATLAB -S IMULINK software which
is used to manage the signals of the input voltage, the
reference input, and the output displacement, and to
implement feedback and feedforward controllers,
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and a dSPACE board which serves as DAC/ADC converter between the computer and the experimental setup.
The sampling time of the computer and dSPACE board is
set to 0.2ms which permits to account for the bandwidth
of the PEA.

B. Characterization
To characterize the hysteresis nonlinearity of the PEA,
a sinusoidal input voltage u(t) is applied. The excitation
frequency is chosen to be low enough (f = 0.1Hz) in order
to avoid the phase lag in the measured output displacement.
However, the excitation frequency should not be too low in
order to avoid the creep effects in the output displacement
[1]. Figure 6 pictures the input-output relationship between
the input voltage u(t) and the output displacement y(t).
Notice that ±10V is the maximum range of the input voltage
applicable to the PEA. As shown in Figure 6, the measured
input-output relationship between the input voltage and the
output displacement shows hysteresis percentage of 16.3%
h
≈ 14
(= Hhyst
86 µm/µm).
hyst
40

f=0.1Hz

30
20

output displacement

10
0
-10
-20
-30
-40
-10

-8

-6

-4

-2

0

2

4

6

8

10

Fig. 7. Hammerstein model for the PEA, where P̂ is the Prandtl-Ishlinskii
model and D(s) is linear dynamics model.

To identify the linear dynamics model D(s), a step input
voltage of u = 10V is applied to the PEA. The step response
displacement is recorded at the maximal sampling frequency
of the acquisition board (sensors, dSPACE board) in order
to have eventual higher resonant frequencies. The result is
pictured in Figure 9, which shows an oscillation with a
frequency of about 400Hz. Using the measured step response
displacement and the ARMAX (Auto Regressive Moving Average with eXternal inputs) parametric identification technique
[44], different model orders can be identified. The error
between the measured step response and the output of each
model D(s) has been afterwards evaluated with the standard
deviation as measure. It is shown that beyond eighth-order
transfer function, the standard deviation of the error does not
decrease substantially. We therefore use a transfer function
D(s) of order eight, see equation (60). Figure 9 pictures the
comparison between the measured step response displacement
and the output displacement of the linear model D(s) of the
scaled dynamics which shows a good agreement. From this
model, the first two resonant frequencies can be determined
as 596.8Hz and 9994.9Hz. Higher resonance frequencies
certainly exist but they are outside the bandwidth of the
measurement system, i.e. bandwidth of the sensor and of the
used acquisition system.

input voltage

−20.7(s−1.22×105 )(s+2.99×104 )(s−2.776×104 )
D(s) =
(s2 +925s+4.59×105 )(s2 +55s+1.4×107 )
(s−1.07×104 )(s+1430)(s2 +4.3×104 s+3.2×109 )

Fig. 6. Measured hysteresis loops of the PEA with u(t) = 5 sin (2π0.1t) V
and u(t) = 10 sin (2π0.1t) V .

40

f=0.1Hz

30

: experimental result

20

: model simulation

10

output displacement

C. Modeling and parameters identification
Figure 7 shows the Hammerstein model for the PEA
with the Prandtl-Ishlinskii model P̂[u] and the linear dynamics model D(s). To identify the parameters of the PrandtlIshlinskii model P̂[u], measured hysteresis loop with u(t) =
10 sin(2π0.1t)V is used with its initial loading curve. We
select 15 play operators and apply the identification procedure
presented in [1]. The identified thresholds and weights are


 ri = {0.095, 0.38, 0.84, 1.46, 2.21, 3.07, 4.01

4.98, 5.96, 6.89, 7.76, 8.52, 9.14, 9.61, 9.9}
 pi = {2.55, 0.57, 1.3, −1.57, 1.25, −0.054, −0.032, 0.66


0.16, −0.77, 2.02, −1.63, −0.15, 2.99, −1.09}
(59)
Figure 8 pictures the experimental hysteresis loops compared
with the output of the Prandtl-Ishlinskii model P̂. This comparison shows that the model P̂[u] acceptably fits with the
measured hysteresis loop.

(60)

(s2 +1.54×104 s+4×109 )(s2 +964s+3.95×109 )

0
-10
-20
-30
-40
-10
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-6
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-2
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2

input voltage

4

6

8

10

Fig. 8. Hysteresis of the PEA at 0.1Hz: comparison of the experimental
result with the model simulation.
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D. Hysteresis compensation using the inverse PrandtlIshlinskii model
The compensation for the hysteresis is then considered with
the inverse Prandtl-Ishlinskii model as shown in Figure 10.
In this figure, P represents the measured hysteresis loops of
the PEA. The inverse model P̂ −1 is the compensator and is
calculated as the inverse of the model P̂[u] with parameters in
equation (59). The inverse calculation is based on the method
in [1] for example. We obtain the following thresholds and
weights for the inverse model P̂ −1 :


 zi = {0, 0.72, 2.16, 4.89, 7.04, 10.58, 14.36, 18.26, 22.81

27.34, 30.85, 35.46, 38.24, 40.24, 42.35}
g

i = {0.39, −0.072, −0.094, 0.12, −0.11, 0.0033, 0.002


−0.035, −0.007, 0.04, −0.082, 0.06, 0.008, −0.095, 0.024}
(61)
The inverse model P̂ −1 is then applied as a feedforward
compensator to the PEA following the scheme in Figure 10.
Figure 11 pictures the output of the inverse compensation
y = P ◦ P̂ −1 [v] versus the input v. We can observe a
slight hysteresis nonlinearity in the output of the inverse
compensation that was not compensated by the inverse model
P̂ −1 . This hysteresis yields error in the output of the inverse
compensation due to the fact that the identified model P̂[u]
is an approximation of the measured hysteresis loops P. This
error can be expressed as ǫ = v − P ◦ P̂ −1 [v]. This error
h
3
≈ 80
µm/µm). As
has an amplitude of 3.75% (= Hhyst
hyst
demonstrated in Section. III-C, the error can be expressed by
a linear reversible term and a nonlinear bounded term.
50

In order to consider the dynamics of the PEA, the identified
normalized dynamics D(s) of (60) is also accounted for the
feedback control. The system to be controlled has therefore
the input v[µm] and the output x[µm] of the plant as depicted
in Figure 12-a.
1) Model for the feedback control synthesis: As described
in Section. III-C, the output of the inverse compensation
PoP̂ −1 [v] can be expressed by a linear operator ρ and a
bounded nonlinear term Ω, that is
y(t) = PoP̂ −1 [v(t)] = ρv(t) + Ω[v(t), t]
⇔
y(s) = PoP̂ −1 [v(s)] = ρv(s) + Ω[v(s), s].
With D(s) (62), we have
x(s) = D(s)y(s) = D(s)PoP̂ −1 [v(s)]
= D(s) (ρv(s) + Ω[v(s), s])
⇔
x = ρD(s)v + Ωx

output displacement

40
30

40
35
25
: experimental result

15

: model simulation

10

15

0

-10

obtained with a step input control:
5

output displacement

10

20

0
0

f=0.1Hz

20

30

5

(63)

where Ωx = D(s)Ω is an equivalent output disturbance and
G(s) = ρD(s) is a linear dynamic system to be controlled.
Figure 12-b pictures the new equivalent block diagram.
Our target is to obtain a linear controller C(s) that permits
the linear dynamic system G(s) to conveniently track the
desired input xd and reject the disturbance Ωx (see Figure
13-a) considering the tracking error e = xd − x. An efficient
way to consider the tracking specifications and the disturbance
rejection during the controller synthesis is the H∞ control
technique.

45

10

(62)

20

25

30

-20

-30

Fig. 9. Comparison between the step response displacement of the PEA and
the output of D(s) when u = 10V is applied.

-40
-40

Fig. 11.

Fig. 10.
Feedforward hysteresis compensation with the inverse PrandtlIshlinskii model.

E. H∞ control of the piezoelectric actuator
In this subsection, we consider the feedback control of the
output of the inverse compensation presented in Figure 11.

-30

-20

-10

0

input

10

20

30

40

The output of the inverse compensation.

The static gain ρ is identified considering the input-output
relationship presented in Figure 10, from which we conclude
40µm
= 1. The nonlinear term Ω can also be characterized
ρ = 40µm
from Figure 10. An interesting characteristic of Ω is the case
h
.
corresponding to the maximum hysteresis nonlinearity Hhyst
hyst
Then, we deduce that y = 1v + Ω, where |Ω| ≤ 3µm. Since
the linear dynamics D(s) is normalized, the output disturbance
Ωx = D(s)Ω has a bound of 3µm×(1 + δD ), where δD
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(a)

where Fl (Paug , C) is the lower linear fractional transformation (LFT) between Paug (s) and C(s) and is defined by




xd
o1
(65)
= Fl (Paug , C)
Ωw
o2

PEA

+

+

(b)

Fig. 12.

The system to be controlled by a feedback controller.

is the overshoot and can be calculated from Figure 9 as
δD = 9.5%. Consequently, the maximum error of Ωx , that
is denoted Ωmax
, is Ωmax
= 3.285µm. This is used during
x
x
the controller synthesis.
2) Specifications: The specifications used to calculate the
H∞ controller C(s) are detailed below. These specifications
are usually employed in micromanipulation and microassembly tasks with piezoelectric actuators similar to the PEA
experimented in this study [39].
a) Tracking performance:
•
•
•

9

the initial overshoot of 9.5% should be damped and
should be equal to zero for the closed-loop system,
the tracking error should be less or equal to 0.1%,
and the settling time should be less or equal to 3ms.

b) Disturbance rejection: the effect of the disturbance
Ωmax
should be negligible at the output. Considering Ωmax
=
x
x
3.285µm, the maximum tracking error should be emax =
100nm.
c) Command moderation: the used PEA is operated
with an input voltage u between +10V and −10V which
corresponds to an input v between +42µm and −42µm,
respectively. In order to ensure that this maximal range of
voltage will not be exceeded, we propose the following command moderation specification: a reference input xd between
+40µm and −40µm should yield a maximal driving input v
of +40µm and −40µm. In such a way, we ensure that the
operating driving voltage u is between +10V and −10V.
3) H∞ problem: In order to account for the mentioned
specifications, three weighting functions W1 (s), W2 (s) and
W3 (s) are introduced to the closed-loop scheme in Figure 13a. We obtain the augmented closed-loop in Figure 13-b. These
weighting functions are utilized for the tracking performance,
command moderation, and disturbance rejection, respectively.
Hence, the exogenous inputs for the synthesis are the reference
xd and the disturbance Ωw , and the outputs to be controlled are
the weighted outputs o1 and o2 . From Figure 13-b, a standard
scheme having the form of Figure 13-c can be constructed.
The system Paug , called as augmented system, includes the
system G(s) and the weightings W1 (s), W2 (s) and W3 (s).
The standard H∞ problem consists therefore in finding an
optimal value γ > 0 and a controller C(s) stabilizing this
standard scheme and guaranteeing the following inequality
[45]:
kFl (Paug , C)k∞ < γ,
(64)

From Figure 13-b, we have

o1 = W1 Sxd − W1 SW3 Ωw
o2 = W2 CSxd − W2 CSW3 Ωw ,

(66)

1
is the sensitivity function. With (65) and
where S = (1+CG)
(66), we have


W1 S
−W1 SW3
.
(67)
Fl (Paug , C) =
W2 CS −W2 CSW3

Using (64) and (67), the H∞ problem becomes in finding an
optimal value γ > 0 and C(s) such that
kW1 Sk∞ < γ; k−W1 SW3 k<∞ < γ;
kW2 CSk∞ < γ; k−W2 CSW3 k∞ < γ

(68)

which are also respected if we have
|S| < |Wγ1 | ; |S| < |W1γW3 | ;
|CS| < |Wγ2 | ; |CS| < |W2γW3 | ;
where

1
1
1
W 1 , W 1 W 3 , W2 ,

and

1
W2 W3

(69)

are called gabarits.

4) Derivation of the weighting functions: The weighting
functions calculated from the gabarits are chosen according to
the specifications defined in Section. V-E2. For the tracking
performance specifications, we choose
1
W1

=

s+1
s+1000

⇒ W1 =

s+1000
s+1 .

(70)

For the command moderation, we choose
1
W1 W2

=

v max
xmax
d

=

40µm
40µm

=1

(71)

from which we deduce the weighting W2
s+1
.
s + 1000
For the disturbance rejection, we have
W2 =

1
W1 W3

=

emax
Ωmax
w

=

0.1µm
3.825µm

(72)

= 0.026.

(73)

Then we deduce the weighting W3 as
W3 = 0.026

s+1
.
s + 1000

(74)

5) Controller calculation: The controller C(s) has been
calculated by applying the Doyle-Glover algorithm [46], [47]
to the problem (69). We find a controller of order equal to
11. In order to have a simpler controller, we have reduced its
size up to 5 without affecting the performance of the closedloop system. The reduction method was based on the balanced
realization/reduction technique [48]. The reduced controller
and the optimal value of γ are
(
0.016(s+7.9×106 )(s2 +971s+4.6×105 )(s2 +43s+1.4×107 )
C(s) =
(s+8.8×104 )(s+974)(s+1)(s2 +1153s+1.6×107 )
γ = 1.69.
(75)
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Fig. 13.
Diagram used for the feedback controller C(s) synthesis. (a)
block diagram of the closed-loop system, (b) block diagram of the closed
loop augmented with the weighting functions W1 (s), W2 (s) and W3 (s), (c)
standard scheme of the weighted closed-loop.
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6) Experimental results: The calculated feedback controller
C(s) has been implemented to control the PEA with the
inverse compensator P̂ −1 . The first experiment consists in
applying a series of step reference xd to the closed-loop in
order to verify that there is no instability after a long period
of time. Figure 14-a pictures the results which effectively
show that the stability of the closed-loop system is maintained
when the constant input voltage is maintained over more than
1.5s. Figure 14-b pictures a zoom of the step response displacement. It shows that the settling time is less than 2ms, the
overshoot is null and and the steady state error is negligible.
We therefore conclude that the tracking performances are
satisfied.

The next experiment shown in Figure 15 (a), (b), (c), and
(d) considers a sinusoidal input reference xd with amplitude
of 40µm at 0.01Hz, 0.1Hz, 1Hz, and 10Hz. Figure 15-e
pictures the tracking error xd (t) − x(t) at 0.01Hz with the
absolute tracking error of 0.02µm and the root-mean-square
(RMS) of 260nm. Tab. I summarizes the absolute error and the
RMS of the tracking error at different excitation frequencies.
We can observe from this table and Figure 15-d that there
is a slight phase-lag (about 20o ) at f = 10Hz which yields
higher RMS error. In fact, the phase-lag starts to exist slightly
before the bandwidth of the closed-loop system, and in this
case, the bandwidth is of 67Hz (see next experiment). In some
applications where the references are known in advance or
are repetitive, the lag is not necessarily drastic since it only
shifts in the time domain the execution of the tasks without
affecting the tracking. In such a case, the 3dB bandwidth is
more important. In order to analyze the bandwidth of the
closed-loop, we characterized the harmonic response of the

0
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4

8

6

10
time
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14

16

18

20

Fig. 14. Feedforward-feedback control of the PEA. (a): responses to a series
of steps. (b): a step response.

closed-loop. This is presented in the next paragraph.
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Fig. 15. Comparison between the reference input and the output displacement
at excitation frequencies of (a) 0.01Hz, (b) 0.1Hz, (c) 1Hz, and (d) 10Hz.,
(e) the tracking error at 0.01Hz.

The last experiment consists of applying another sinusoidal
input reference but with frequency ranging between 0.01Hz
and 1kHz such that the harmonic output displacement of the
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TABLE I
T RACKING ERROR xd (t) − x(t)

frequency [Hz]
absolute error [µm]
RMS [µm]

0.01
0.025
0.236

0.1
0.106
0.238

1
0.07
0.814

VI. C ONCLUSIONS
10
0.275
7.353

closed-loop (hysteresis compensator + feedback controller)
can be characterized. Figure 16 pictures the corresponding
magnitude and phase. In the figure, the harmonic response
of the PEA without the feedforward-feedback control is also
plotted, that is without the hysteresis compensator P̂ and
the feedback controller C(s). We observe resonance at about
500Hz that is completely removed when controlled by the
closed-loop controller. We also notice the hysteresis that is
observed as the decay of the magnitude at low excitation
frequencies is compensated as it is flatten with the control.
Finally, we can calculate from Figure 16-a the 3dB bandwidth
of the closed-loop: 67dB. This bandwidth can still be increased
by modifying the specifications given in Section V used to
calculate the H∞ controller. Figure 16-b shows that the phase
of the controlled system starts to lag slightly before 10Hz.
This has been observed in Figure 15-d. Also, it is possible to
introduce a constraint on this phase-lag in the specifications
used for the calculation of the H∞ controller if required.
The experiments demonstrated the efficiency of the controller despite of the RHP zeros see (60). The calculation of
the feedback controller was carried out with a formula that
describes the output of the inverse compensation. We have
therefore demonstrated in this experimental case an example
of utilization of this formula.

A formula that describes the output of the inverse compensation is obtained in a compact way when the inverse
Prandtl-Ishlinskii model is applied to compensate for the
hysteresis nonlinearity. The output of the inverse compensation
is characterized by a linear reversible term and a bounded
nonlinear term. This formula can be used in closed-loop
control systems with controlled plants to reduce the tracking
errors. An experimental case with a piezoelectric actuator
(PEA) has also been carried out where the formula is used
to synthesize an H∞ controller that commands this. The
experimental results demonstrate the efficiency of the control
scheme and therefore the benefit of using the formula to
synthesize the latter.
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